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Abstract

In this paper we study a system composed of a supplier and buyer(s). We assume
that the buyer faces random demand with a known distribution function. The supplier
faces a known production lead time. The main objective of this study is to determine
the optimal delivery lead time and the resulting location of the system inventory. In a
system with a single supplier and a single buyer it is shown that system inventory should
not be split between a buyer and supplier. Based on system parameters of shortage and
holding costs, production lead times, and standard deviations of demand distributions,
conditions indicating when the supplier or buyer(s) should keep the system inventory are
derived. The impact of changes to these parameters on the location of system inventory is
examined. For the case with multiple buyers, it is found that the supplier holds inventory
for the buyers with the smallest standard deviations, while the buyers with the largest

standard deviations hold their own inventory.
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1 Introduction

In 1994, Compag was able to cut its supply costs by $600 million, in part, by revamping its
supply chain. Changes included clearing most of the parts inventories off the factory floor
in Houston, Texas and into a nearby warehouse leased by 35 major Compaq suppliers, all of
whom moved their inventories to Houston at Compag'’s behest. Compagq also convinced seven
sheet-metal suppliers to re-locate to Texas, and subsequently to truck the parts to Compagq

exactly when and where they were needed (Henkoff, 1994).

Essentially, Compaq reduced the delivery lead times offered to it by its suppliers to zero
bringing substantial savings for itself. Moreover, Compagq’s suppliers were likely compensated
(monetary or otherwise) as is evidenced by their willingness to relocate. Hence, the supply
chain as a whole seems to have benefited from the changes. It is becoming increasingly com-
mon that suppliers relocate closer to their buyers and thereby reduce delivery lead time to
zero. When is it optimal for the system to reduce delivery lead time to zero? In this paper we

develop a model and present an analysis to answer this question.



Specifically, we analyze a model of a two-stage supply chain consisting of a single supplier
and multiple buyers. We model delivery lead time as the time taken by an upstream stage
to fulfill an order from the downstream stage. We let the delivery lead time be a decision
variable and evaluate its effect on system-wide costs. Not surprisingly, delivery lead time and
the safety inventory in the system are closely linked. We show that it is optimal for either the
supplier or the buyer, but not both, to carry the safety inventory for the system. Anecdotal ev-
idence on implementation of Just-in-Time systems suggest that buyers push safety inventory
to the suppliers and expect deliveries as and when needed. We show that a policy that pushes

the entire system inventory to either the supplier or the buyer, is optimal.

We first consider a two-stage serial system with a single-supplier and a single-buyer. Sub-
sequently, we extend the analysis to a two-stage divergent system with a single-supplier and
multiple-buyers. Simpson (1958) was the first to consider the question of inventory place-
ment in a serial system. He examined serial systems where the consecutive stages could,
potentially, be separated by inventory. The level of inventory between stages depended on the
delivery lead time? quoted by the upstream stage to the downstream stage, and a given de-
sired service level. When the service level is 100% (i.e., that an upstream stage must supply
a downstream stage within the quoted quoted delivery lead time), he showed that the cost
minimizing optimal delivery lead time an upstream stage quotes would be either zero or its
total production and transportation time. Our single-buyer single-supplier system is closely
related to a two-stage version of Simpson’s serial system. In Simpson’s model inventory be-
tween consecutive stages could be carried only at one of the stages. In addition, Simpson uses
a service level approach to meeting the delivery lead time and minimizes holding, order, and
variable costs. In contrast, we allow inventory to be potentially carried at both stages. Instead
of a service level, we allow the supplier to incur expediting costs to guarantee a delivery lead
time.2 Inderfurth (1994) extended Simpson’s work to divergent inventory systems. That is,
he considered systems where parts can go into more than one type of finished product as they
move downstream. He showed, once again, that the delivery lead time should be set to either

zero or the production/transportation time. He, however, assumed that the delivery lead times

2They call it the service time.
3Simpson’s model can be modified to mimic our situation. Since we allow for inventory to be held either at

the buyer or the supplier, we need to add a dummy transportation stage between the buyer and the supplier in

Simpson’s model. In addition, we need to add a shortage cost to Simpson’s average cost function.



guoted to all downstream stages are identical. Our model differs from Inderfurth’s in ways
similar to those identified between our model and Simpson’s. In addition, we show that identi-
cal delivery lead times need not be optimal for divergent systems. Graves and Willems (1998)
extend Inderfurth’s work to a more general model of spanning trees. Their intent is to create a
tactical tool for industry in its efforts to model and improve supply chains. Unlike Inderfurth,
they allow for non-identical delivery lead times for various downstream stages. Like Inder-
furth, they ignore the possibility of shortages, though potentially in a different way. They

optimize the delivery lead times based on demand equaling its upper bound.

In addition, there is a large body of literature that covers multi-stage systems starting with
the pioneering work of Clark & Scarf (1960); also see Eppen & Schrage (1981), Federgruen
& Zipkin (1984), Rosling (1989), Langenhoff & Zijm (1990), Glasserman & Tayur (1995), and
Gallego & Zipkin (1999). All of these papers study a multi-stage system from the perspective
of a single decision maker. Decentralized approaches to the study of multi-stage systems in-
clude Lee & Whang (1999) and Cachon & Zipkin (1999). Furthermore, the delivery lead time
(or its distribution) is an exogenous variable in all of these studies. In contrast, we endogenize
the delivery lead time variable and find its optimal value. This deviation is not inconsequen-
tial. To see this point clearly, we compare our two-stage serial model with the celebrated
model of Clark and Scarf. In Clark and Scarf the delivery lead time is the transportation
time. Consequently, the time products spend in transport cannot be reduced by inventory.
In contrast, we assume that the delivery lead time includes the production lead time of the
upstream stage. This implies that the supplier can reduce the delivery lead time by keeping
an appropriate level of inventory. In Clark and Scarf the supplier delivers only based on its
on-hand inventory. This implies that an order may delivered to the buyer over multiple ship-
ments. In contrast, we allow for the supplier to expedite production®, if necessary. Hence she
is always able to satisfy the buyer’s entire demand. To this extent, our model is similar in

spirit to those considered by Inderfurth and Graves and Willems.

We examine the following two-stage models: a single-supplier single-buyer system and a
single-supplier multiple-buyers system. We assume that a buyer follows a periodic review
policy. Using this policy, at the beginning of every period, the buyer observes his own inven-

tory and then places an order. The order is delivered (in its entirety) by the supplier after a

4This can also be achieved through subcontracting remaining work on the work-in-process inventory.



known, but negotiated, delivery lead time. It is well known (Arrow, Karlin & Scarf, 1958) that

it is optimal for the buyer to raise his inventory position to a base-stock level.

We assume that the supplier also follows a periodic review policy and knows the distribu-
tion of the orders placed by the buyer. Observe that the distribution of the order process to
the supplier is identical to the distribution of the demand process faced by the buyer when
the buyer follows a base stock policy. We assume that the supplier’s production lead time is
known and independent of order size. This is a standard assumption made by a majority of
the work in multi-stage systems. Finally, we assume that the supplier will always be able
to satisfy the buyer’s order within the delivery lead time with expediting, if necessary. We
assume that the marginal expediting cost is proportional to the remaining work content; the
exact details of this cost structure are discussed later in Section 2.2. Our supplier’s model is
justified when she has sufficient capacity to meet orders by expediting, if necessary. A sup-
plier with a high degree of flexibility will also satisfy the assumption. Several researchers
have made the infinite capacity assumption where the supplier is able to deliver the retailer’s
entire order in a short time period at a fixed marginal cost; see for example Lee et. al (1997)
and Chen et. al. (2000). In contrast, our expediting cost model is more reasonable. Inder-
furth (1994) and Graves and Willems (1998) also make the same assumption but do not allow
for expediting. Consequently, the supplier in their model has to keep inventory to respond to
the upper support of the demand distribution. In contrast, we allow the supplier to expedite
production, as necessary to meet the buyer’'s demand in entirety. Thus while the supplier in
Inderfurth (1994) and Graves and Willems (1998) responds to orders by a pure safety-stock
strategy, in our model, she uses a mix of safety stock and safety capacity to respond to orders
within a delivery lead time. It is straightforward to see that their model of the supplier is a

special case of ours.

How does the delivery lead time affect the operations of this two-stage model? In a pure
make-to-stock system, the supplier carries all the inventory and hence experiences all the
demand risk. She can reduce the impact of this demand uncertainty increasing the delivery
lead time to the buyer. To see this point, suppose the buyer places an order at time ¢, and
this order will be delivered at time ¢ + [;, where [; is the delivery lead time. Suppose that

lg <1, + 1, where [, is the production lead time.> At time ¢ + [, the order is withdrawn from

SWe assume that the delivery lead time is bounded above by the lead time of a pure make-to-order system. A
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Figure 1: Effect of Delivery Lead Time on Supplier’s Risk

the supplier’s inventory and delivered to the buyer. At time ¢ + [, production of the order is
complete. Note that the safety stock that the supplier keeps is then proportional to [, — [; (an
exact expression for this quantity will be given later). By examining Figure 1, it is easy to see
that decreasing the delivery lead time, /4, increases [, — [4, resulting in a longer period of time
for which the supplier must hold safety stock. Hence some of the risk has been transferred
from the buyer to the supplier. Certainly, the opposite is true should the delivery lead time be

increased.®

We are interested in determining the cost-effective delivery lead time for a two-stage sys-
tem consisting of a supplier and buyer(s). We assume that the players in the supply chain
operate as a team; that is, they minimize the total expected cost incurred by the system. Such
an objective is justified when the system represents one firm or when the buyer and the sup-
plier have an agreement to share any savings resulting from such a cooperative arrangement.

The main contributions of this paper are as follows.

1. In general, we show that it is never optimal for the safety stock of the system to be split

between an individual buyer and the supplier, but should be carried by one or the other.

2. For asingle-supplier and a single-buyer system, we develop conditions that indicate who

should carry the system inventory and hence the delivery lead time offered.

3. For a single-supplier and two-buyer system, we show that either both buyers keep their

own safety stock or the supplier keeps the safety stock for both buyers.

larger delivery lead time gives the supplier no added advantage.
®Clearly decreasing the production lead time should be a primary mechanism for lowering costs. We assume

that operational improvements have already been made to minimize the production lead time and focus on lead

time coordination mechanisms to improve the supply chain performance.



4. For asingle-supplier and multiple-buyers (more than two) system, we develop conditions
for when the supplier will hold inventory for all the buyers, when she will hold inventory
for only a subset of the buyers and when all the buyers will hold their own inventory.
These conditions depend on both the cost and the demand variability parameters. When
the supplier holds the system safety stock for only a subset of the buyers, surprisingly it

is for those with the smallest standard deviations of demand.

5. We give comparative statics results on how the location of inventory changes with the

cost parameters.

6. Furthermore, we show an important stability result in which if the current contractual
arrangements require that the supplier carry inventory for some of the buyers, then
contracting with new buyers will not result in an unfavorable change in these arrange-
ments with the existing buyers. That is, the supplier will continue to carry inventory for
those buyers for whom she currently does and may, in addition, start carrying inventory

for those she earlier did not.

The rest of the paper will proceed as follows. In Section 2, we discuss the single supplier-
single buyer model and results. We extend this model in Section 3 to a single supplier-multiple

buyer model. Finally we conclude in Section 4. All proofs are given in the Appendix.

2 A Single-Supplier Single-Buyer Model

Consider a periodic review single-supplier single-buyer system. The buyer faces random de-
mand in each period, independent and identically distributed with probability density and
distribution functions, respectively, f(-) and F(-). Both the supplier and the buyer follow a
stationary base-stock policy with base stock levels of S and S°, respectively. Both incur a
unit holding cost for leftover goods at the end of the period, denoted by A and h® respectively.
The buyer incurs a unit penalty cost, p°, for excess demand not satisfied. The supplier’s nor-
mal production lead time is [, and she quotes a delivery lead time of /; to the buyer. That
is, the buyer’s order in period ¢ is delivered in period ¢ + I;. The supplier always satisfies the
demand of the buyer. If the buyer’s order is less than the supplier’'s base stock level, S%, it is

satisfied completely from stock. Otherwise, the order quantity in excess of S* is satisfied by
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expediting her production pipeline stock. We assume that the cost of expediting one unit by
one period is p®. Thus, the total cost of meeting excess order by expediting is proportional to
the remaining work on the work-in-process inventory. The exact mechanism of expediting for
a specific order is outlined in more detail later when we develop the expected cost function
of the supplier. For the rest of the paper, we will merely refer to p* as the supplier's penalty
cost. Without loss of generality, we ignore any cost of materials and normal production since
all demand is ultimately satisfied. To make the problem interesting, we assume that the
unit penalty/expediting cost is larger than the corresponding unit holding cost of the buyer /

supplier.

The timing of events within a period, say t, is as follows:

1. Buyer observes the demand in period ¢ and places an order equal the demand observed.
2. Supplier delivers the goods the buyer ordered in period ¢ — .

3. Buyer receives goods which were ordered in period ¢ — [; and satisfies as much of the
demand in period ¢ as is possible.

4. Supplier completes production of order begun in period ¢t — [, and initiates production on
order placed by the buyer in period ¢.

5. On-hand and on-order inventories are counted and costs calculated.

Note that I; = 0 corresponds to the situation of Vendor Managed Inventory (VMI)’. That
is, when demand materializes, the goods are removed from the supplier’s inventory, instanta-
neously passed through the buyer’s inventory and passed on to the customer. When [; = 1, we
model the standard infinite horizon newsvendor model with zero lead time. That is, the buyer
must satisfy demand from inventory before placing a replenishment order (which still arrives

immediately).

Recall that, because of the supplier’'s capability to expedite production when necessary,
the system’s cost function is separable in the buyer’s and supplier’s stocking decisions, and as

such, the buyer’s and supplier’s stocking problems can be solved independently.

"Under VMI, the supplier makes the stocking decisions for her product on the buyer’s shelves.



2.1 Buyer’s Model

The buyer’s optimization problem is an infinite horizon standard inventory problem with a
fixed lead time. We assume that the supplier is capable of supplying, in a single shipment,
any guantity the buyer asks for after a fixed delivery lead time (see discussion in Section
2.2). It is well known that this problem can be reduced to a problem with zero lead time
by adjusting the demand distribution to account for the lead time demand (Arrow, Karlin &
Scarf, 1958), for which a base stock policy is optimal. Let us denote the solution of the infinite

horizon average cost problem and the resulting stationary base stock level, S, by

b

Fu(8") = 5 &)
where Fj,(-) is the [4-fold convolution of F' with itself for all [; > 1. (Should /; = 0, then the
buyer is capable of acquiring an order with no wait, and so gives his customers a 100% service

level while holding no inventory.)

Using this stationary policy, it is easy to write an explicit expression for the expected
average cost during a period. Each period, the buyer will pay an average of variable cost
x average periodic demand to acquire the goods. As this will remain a constant in the cost
equation, we will ignore its presence from here on out. Hence, we will concern ourselves only

with the expected holding and shortage costs for following the policy of ordering up to S°.2

Let z represent the single period demand random variable, whose mean is . The buyer’s

average inventory cost per period, C®(l4), can be written as
sb 00
Ch(lg) = hb/o (Sb — :1:) fi,(x)dz + p° /Sb ($ — Sb) fi,(z)dx
o0 sb
= (B + p*)SUF;, (S?) — pS° + p° / ofy,(2)dz — (W + ) / ofy,(2)de
0 0

Sb
= pPla — (B + ") / rfy, (z)dz @
0

where fo(-) = 0. When the single period demand distribution is Normal with standard devia-
tion o, we have

St =lgp + k'Vigo (3)
8We assume that any purchasing cost the buyer or supplier must pay to raise their initial inventory on-hand

and in process to some S? for j € {s, b} is to be treated as sunk cost. It is not likely that the system would start
empty, and the difference in costs from either raising the inventory to this S’ or letting it fall to S’ would only

change the results quantitatively, and not qualitatively.



where k° = ! (zﬁbhb) and @(-) is the standard normal distribution.

2.2 Supplier’s Model

Now we will develop the expected cost function for the supplier. We make the assumption here
that the supplier will always satisfy all of the buyer's demand. The supplier achieves this in
the following manner. Suppose that in period ¢, d units of goods are to be delivered to the
buyer. The supplier satisfies as much of the demand as possible from her on hand inventory,
I,. If there is still excess demand to be satisfied, she expedites production of pipeline stock, at
an additional cost of p® per unit, for as many of the goods which were to have been finished in
period ¢ + 1 as she needs and completes them in period ¢. If this is still not enough to cover all
of the demand in period ¢, she expedites production for the needed items from the goods that
were to have been finished in period ¢ + 2, at an additional cost of 2p® per unit. She continues
expediting pipeline stock until she can fill all of the demand, beginning from raw materials if
necessary. Thus the unit expediting cost is proportional to the number of periods expedited.
It is reasonable to expect that the work content in each time period is identical. Thus the unit
expediting cost is proportional to the remaining work content. Of course, we assume that the

supplier has sufficient capacity to expedite the production as necessary.

The supplier also follows an order-up-to policy. Since the supplier satisfies demand from
stock or by expediting the pipeline, the supplier's production system can be rewritten as a
system with [, — [; as its effective production lead time. This is easily seen since the supplier,
with [, periods of production lead time, begins production on the goods which will replenish
the order the period it is received, but doesn’'t deduct the goods from inventory and deliver
them to the buyer until [; periods later. Production of the goods to replenish the order finish
l, periods after they were begun and are themselves available to satisfy other orders the
period after they finish production. Thus the supplier is keeping inventory for the last i, — [,
production periods, and not the whole [, periods. Hence, like the buyer, the supplier produces

up to S, where

S

p

Fp_1,41(8%) = .
Lp—lg+1 (S°) P

(4)

Now, we develop a cost function for the supplier. It is easy to see that the expediting

costs in our supplier's model are calculated in much the same fashion as the shortage costs
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in the standard inventory model with fixed lead time and backlogging. Consider the demand
in period ¢, d;, and the inventory on-hand at the supplier in period ¢, I;. Clearly, if there is
enough inventory on hand to satisfy the demand, then no shortage (or expediting) costs will
be charged, regardless of which model is being considered. So, consider when d; > I;. Then,
the supplier is short by S} = d; — I;. Suppose that an amount, O;,1, from the supplier’s pro-
duction pipeline, is due to arrive the following period. Either this will be sufficient to cover
S} or it won't suffice. If O, > S} then all shortages for period ¢ will be covered and the only
shortage (expediting) costs charged for demand d; will be for S} which will be paid in period
t. If O < St1 then the supplier needs to consider O, 2 and expedite from there. This con-
tinues until sufficient goods are expedited to satisfy all the demand. Thus the only difference
between the two models is that in a standard inventory model, backlog satisfaction is post-
poned until the period the goods become available, while in our model, expediting results in
immediate satisfaction of backlogged demand. Therefore, as holding are charged identically
in both systems, the only difference in the cost structure of the two models lies in the alloca-
tion of shortage costs to periods. Hence, while the actual periods of demand satisfaction differ,
the total cost for not being able to satisfy all of the demand d; in period ¢ remains the same,

regardless of which model is used.

As in the case of the buyer, we will choose to ignore the per unit variable cost of production
as it will only result in a constant added to the average cost equation. Hence, the supplier’s
average cost per period can be written as

SS

C¥(lg) = p*(lp — la + D — (h° + p°) /0 ofy 1y (x)dz (5)

Once again, when demand is normally distributed, S can be written as
S =(ly—lg+p+Eoy/l, — g+ 1. (6)

2.3 Optimal Delivery Lead Time

We can now develop a formulation for the expected system (buyer and supplier) cost, and

hence find the optimal delivery lead time.

Lemma 1 The expected periodic cost function for a system with one supplier and one buyer

11



with normally distributed demand can be written as

Clla) = o (0 + )9k [y — la+ L+ (0 + ") p(k") V1) @)
Moreover, this function is concave in [; with a minimum occurring at one of the extrema of the

function where [; € {0,1, + 1}.

The extreme [; = 0 corresponds to the supplier keeping all of the inventory while the
extreme [, = [, + 1 corresponds to the buyer keeping all of the inventory. Specifically, we need
to compare the ratio of costs at the two extremes (cost for inventory at the buyer to cost for

inventory at the supplier) which can be written as follows:
Clp+1) _ o(h® +p")¢(E") I +T1 _ (h* +p")b(k")
C(0) o(h® +p*)p(k*) /Iy + 1 (h* +p°) (k)

Exactly which of these two choices is best will depend on the values of the cost parameters

(8)

and the following result follows immediately.

Proposition 1 Let 5 be the ratio of expected marginal holding and penalty cost of the buyer

to the expected marginal holding and penalty cost of the supplier at optimality. That is,
(ht + p")p(k)

(h* +p*) (k)

If B < 1, then the buyer keeps the system inventory. If 5 > 1 then the supplier keeps the system

p= )

inventory. If 8 = 1 then the inventory could be kept at either the buyer or the supplier.

Observe that the decision is independent of o and [, but depends on the respective shortage /
expediting and holding costs via 8. The following Proposition develops the comparative statics

of the optimal inventory location based on the various problem parameters.

Proposition 2 Consider the four cost parameters in the model - the holding and penalty costs
for the supplier (h* and p*) and for the buyer (h* and p?). For any given values of three of these
parameters, there exists a unique threshold value of the fourth parameter that determines the

location of inventory in the system as outlined below:

Parameters Location of Inventory

Fixed Threshold Buyer Supplier

h®, p*, and h? pb* V p? < pb* | otherwise
hs, p*, and p® hb* V h? < hb* | otherwise
ht, hb, and p® P v p* > p** | otherwise
p°, kb, and p® hs* Y hs > h** | otherwise

12



Observations

From any set of parameters for which the buyer holds the inventory, the threshold curve
can be crossed by sufficiently increasing the buyer’s shortage or holding cost, or by sufficiently
decreasing the supplier’s shortage or holding cost. The case for the holding costs should seem
intuitively clear. Sufficiently increasing the buyer’'s holding cost or sufficiently decreasing
the supplier’s holding cost should cause the system to consider switching its inventory to the

cheaper locale.

On the other hand, the change resulting from increasing the buyer’s shortage cost or de-
creasing the supplier’s expediting cost is not as intuitively obvious. Let us first consider the
case of increasing the buyer’s shortage cost. Intuitively, one might think that the buyer should
keep the system inventory since the consequences of a shortage are large. But our results in-
dicate the opposite. Notice that the optimal (system) inventory that the buyer keeps, S°, and
the total cost at optimality, is increasing in the buyer’s shortage cost. On the other hand, when
the supplier keeps the system inventory, the inventory level (S%) is unaffected by an increase
in the buyer’s shortage cost. The optimal location of inventory depends on which cost is lower.
Initially, suppose a system in which the buyer keeps the inventory, i.e., I = [, + 1. Imagine
that the shortage cost of the buyer is steadily increasing. The inventory level and associated
costs are also rising. Eventually, the cost of all the added inventory at the buyer will increase
the total system cost beyond the constant cost of having the supplier hold the inventory, and
so the optimal inventory location will switch from the buyer to the supplier. Alternately, when
p® is low such that 8 < 1, the buyer keeps the system inventory. As p® increases, eventually
B > 1, i.e., the expected marginal cost of the buyer is larger than that of the supplier at op-
timality.® When this happens the supplier carries the system inventory. Relatively speaking,
the same will happen should the supplier’s expediting cost be significantly dropped (instead

of raising the buyer’s shortage cost).

Recall that the penalty p® can also be considered to represent the supplier’s flexibility.
That is, a low value of p® implies that the supplier can expedite at a lower cost and indi-
cates high flexibility, and vice versa. Thus one implication of Proposition 2 is that in a supply
chain a more flexible supplier is likely to also carry the system inventory. Flexibility to re-

spond to changes in demand has been one of the features of the Just-in-Time phenomenon.

°It is straightforward to show that 3 is increasing in p®.
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Furthermore, as mentioned in the Introduction, anecdotal evidence suggests that a move to
Just-in-Time systems also led to shifting of inventory to the suppliers. Our results suggest

that this is indeed a system optimal behavior when the suppliers are flexible.

2.3.1 Effect of Transportation Lead Time

Most often, there is a finite non-zero transportation lead time for delivery of goods from a
supplier to a buyer. This alters the model slightly, in that the supplier’s cost must now reflect
that the maximum amount of time it can take to get goods to the buyer has increased by I;.
That is, in (5) and hence in Lemma 1, I, is replaced by [, = [, + [;. We can then use our model

to interpret this new scenario in one of the following two ways.

1. Transportation lead time, [;, could be included in the delivery lead time, I, as a lower
bound; i.e., I; > [;. Instead of comparing the costs at[; = 0 and [; = [, + 1 as in (8), we
compare the costs between i; = Iy and [; = l_p + 1. Proposition 1 holds with the following
modifications. First 8 is modified to 5 as follows:

Bl + 1+ 1
Vi + 1+ 6V

Second, the buyer always takes some risk and holds at least enough inventory to cover

g =

the demand during the transportation time. That is, the two extreme solutions include
either the buyer carrying all of the inventory or the buyer carrying enough inventory to
buffer against the transportation lead time and the supplier carrying the rest. Proposi-

tion 2, similarly, still holds as well, though one must also fix /; and [,,.

2. Alternatively, transportation lead time, [;, could be incorporated into the supplier’s pro-
duction lead time. We would then compare the costs of [; = 0 with those of [; = l_p + 1.
Here, 8 and hence Propositions 1 and 2 would remain unchanged. In this case, I; = 0
would be equivalent to assuming that the supplier has a depot immediately next to the
buyer and the production lead time is counted from the time the order is placed until
it is produced and delivered to the depot. In some cases, it may be that the supplier
actually keeps inventory in the buyer’s warehouse, retail store or shop floor, as the case

may be. This is the well known consignment situation or VMI; similar consignment
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arrangements were derived by Lee & Whang (1999). This is a scenario widely prac-
ticed by corporations such as IBM Rochester, General Motors (Saturn), Walmart, and
Guardian Insulation. Guardian Insulation, in cooperation with certain hardware sup-
pliers, such as ACE Hardware, offers retailers the option of having the insulation on
hand, but not actually paying for it until it is sold. It remains on the inventory list of
Guardian (through ACE) and is not counted as inventory for the retailer. Guardian does,

however, select the amount of inventory to keep on site at the retailer.

3 A Single-Supplier Multiple-Buyers Model

We now consider a model with a single supplier and multiple buyers. For this scenario, we
assume that the supplier may negotiate a different delivery lead time with each of the buyers.
We also assume that the demand distributions of the buyers are Normal and independent of
each other, but not necessarily identical. Finally, we assume that costs are identical for all
buyers. For non-identical costs, the notation becomes summarily complex and interpretation

or manipulation difficult, at best.

3.1 Two Buyers

We will first develop the cost function for the problem with only two buyers. Let [;, denote the
lead time to be negotiated with buyer i for : = 1,2. We still assume that the supplier follows

an order-up-to policy as before. She faces a normally distributed demand with mean

Hs = (lp - ldl + 1):“1 + (lp - ld2 + 1);“2

and standard deviation

Os = \/(lp - ldl + 1)0—% + (lp - ld2 + 1)0%

Thus we assume, as before, that the supplier raises her on-hand and relevant pipeline in-
ventory to a base stock level, S° = u, + k*0,. We must, however, modify what we call the
supplier’s relevant pipeline inventory, since she has two buyers with possibly differing deliv-
ery lead times. Without loss of generality, let us assume that /;, < [4,. As before, we can

reduce the supplier’s system to one with an effective production lead time of [, — [, instead of
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l,. Moreover, in the new system, I;, will equal zero, and /4, will equal the difference between
the original delivery lead times. To see what we consider pipeline inventory, suppose that the
supplier can label all of her inventory according to which buyer generated it. The pipeline
inventory will then be all of the demand generated by the first buyer and the demand of the
second buyer which has been withdrawn from inventory but whose generated order has not

yet finished production.

Let us turn now to the costs of operating this system.

Lemma 2 The expected periodic cost function for the system with one supplier and two buyers,

with identical costs and normally distributed independent demands, can be written as

Cllait) = 0+ 996) (01l + 70l

(0 + ) (k) — g, + 1)o? + (Ip — lay + 1)03 (10)

C(lg,,14,) is concave in (Iq4,,14,) With @ minimum occurring at one of the extrema of the function

where 4, = lg4,.

Thus the minimum for C'(l4,,14,) will occur where l4, € {0,{,+1}. We then need to compare

C(0,0) = (h* + p*)$(k*)\Jo? + 0%/l + 1) (11)
Cly + 1,1, +1) = (h® + p")p(k®) (01 + 02) /1, + 1 (12)

The ratio between the above two cost functions is
o1+ 02
\/0% + 0%

Note that, in contrast to (8) for the single-buyer single-supplier system, the standard devi-

Oy + 1,1, + 1)
(0, 0)

=p (13)

ations of the buyers’ demand distributions now influence the decision of who should carry the
inventory. This is a consequence of the risk pooling effect of multiple buyers. Proposition 3

below follows directly from (13).

- . . .- 1/02+0? - .
Proposition 3 Let 5 be as defined in Proposition 1. If 8 < Yoo, then it is optimal for the
buyers to keep all of the system’s inventory, and for the supplier to operate a make-to-order
system. Otherwise, it is optimal for the supplier to keep the inventory for both buyers, and for

the buyers to hold zero inventory.
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Observe that if 5 = 1 (that is, the expected marginal holding and penalty costs of the buyer
and supplier are identical), then the supplier will hold all the inventory. This is the classical
risk pooling argument. Thus Proposition 3 is a generalization of the classical risk pooling
result to the case when costs at the buyer and supplier differ. When the expected marginal
cost of the supplier sufficiently exceeds that of the buyers it offsets any benefit one would
get from risk pooling. Consequently, the system is better off with buyers carrying their own

inventory.

The concave cost function indicates that an extreme solution will be optimal, with a buyer
keeping either all or none of the inventory. The above Proposition further restricts the solution
space by ruling out the “split inventory” cases where only one of the buyers keeps inventory,
and the supplier keeps the remaining system inventory. It is clear that such a solution cannot
be optimal by arguing as follows. Such a scenario is equivalent to two systems, each composed
of a single supplier and buyer, where the suppliers are identical and the buyers differ only in
their demand distributions. Since the optimal location of each system’s inventory depends
only on the cost parameters (see Lemma 1) it must be true that in both, system inventory is
optimally kept in the same location and never “split”. Thus in a system with two buyers with

identical costs either the two buyers keep the inventory or neither of them keeps inventory.

Furthermore, the scenarios where the buyers will carry their inventory have reduced in
number as compared to the single-buyer single-supplier case. For instance, if o1 = 03, then
only if 5 < .7071 will the buyers keep their own inventory, as opposed to 5 < 1 in the case of
only one buyer. Hence, the presence of multiple buyers makes it more likely that the supplier
should offer zero delivery lead time. This, however, depends on how different the two standard
deviations are. For example, when the standard deviation of demands that the two buyers
face are farther apart, then it is more likely that the buyers will keep their own inventory.

Formally,

Corollary 1 Let /3 be as defined in Proposition 1. Suppose that g and o;, i € {1,2} are such

that g > X ”%“L”%. By Proposition 3 the supplier carries inventory for both the buyers. Then as

o1t+o2

o; increases for a fixed g and o_;, there exists a threshold ¢; such that, for o; > o the buyers

keep their own inventories.

The result follows from Proposition 3 and the fact that V;;:TZ’ is increasing in o; for a
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fixed o_;.

Finally observe that it is optimal to offer identical delivery lead times to both buyers.
This provides support for the identical delivery lead time assumption of Inderfurth (1994).
Unfortunately, we will shortly see that the result does not necessarily generalize to more

than two buyers.

3.2 Three or More Buyers

We now generalize these results to the case of M > 2 buyers with identical costs. Lemma 3

below is an extension of Lemma 2 for M buyers.

Lemma 3 The expected periodic cost function for the system with one supplier and M buyers

with identical costs and normally distributed demands can be written as

M M
Cllay, - lay) = (h +p")p(K) (Z oa-@) + (1 +ps>¢<kS>J S oty —la+1)  (14)
=1 =1

C(lg,,---,lq,,) is concave in (lg,,...,lq,,) With a minimum occurring at one of the extrema of

the function where /5, € {0,l, + 1} Vi=1,..., M.

In Proposition 3 we saw that in a system with two buyers, either the supplier keeps in-
ventory for both the buyers or the buyers hold their respective inventory. This extreme point

solution, however, does not generalize to the case with more than two buyers, as we see next.

Proposition 4 Let 5 be as defined in Proposition 1. Consider M > 3 buyers with o1 < 09 <

. S OM -
1. If 8 > 1, then the supplier keeps the system inventory for all buyers.

2. If B < Bmin, then all buyers keep their own inventory, where

k 2
Bmin = min 21210
min = —k (-
k Ei:1 )

3. Otherwise (if B < 6 < 1), then there exists a buyer k£ > 2 such that the optimal system
inventory allocation will be for the supplier to hold inventory for buyers 1 though &, and
for buyers k£ + 1 through M to hold their own inventory. The threshold £ satisfies the

following conditions:
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The first part of Proposition 4 implies that the supplier's expected marginal cost is lower
than that of the buyers and hence she keeps all the inventory. This is the classical risk pooling
argument. The second part can be considered a generalization of a similar condition for the
case of two buyers stated in Proposition 3. The third part represents the situation when some
buyers keep their own inventory while the supplier keeps inventory for others. Specifically, in
determining which buyers will hold their own inventory, we need to only look among partitions

of buyers that split the rank ordered buyers by the magnitude of their standard deviations.

Moreover, it is interesting to note that when the supplier keeps the inventory, it is for
buyers with the smallest standard deviations. This is perhaps counter-intuitive, as one might
expect that risk-pooling benefits are larger when the inventory of buyers with larger standard
deviations are combined. This can be explained as follows. There are two effects that need to
be considered. The first is the effect of standard deviation of demands on the benefit due to risk
pooling. Observe that the benefit of risk pooling increases as the sets of standard deviations
being pooled are “closer” to each other. Specifically, it is maximized when buyers have identical
standard deviations. On the other hand, the benefit decreases as the standard deviations
become “farther apart” (also see Corollary 1. The other factor to consider is the cost structure
of the buyer and the supplier. Recall that 3 is the ratio of the expected marginal holding and
penalty cost of the buyer to that of the supplier at optimality. Observe that when g = 1, the
supplier keeps inventory for all the buyers. This is the classical risk pooling argument. The
benefit may be large or small depending on the range of standard deviations being pooled.
Regardless, there is always a positive benefit from pooling under this scenario. When g < 1,
however, the expected marginal costs for the supplier is larger than the corresponding cost for
the buyer. So by decreasing g from 1to 1 — ¢, € > 0, it may be optimal to shift some inventory
from the supplier to one or more buyers. Which buyer should this be? Since the risk pooling
benefits are more for sets of standard deviations closer to each other, the buyers with standard
deviations on the extreme ends (low or high) should be carrying their own inventories. With
B < 1 (with the interpretation above), the system gains most if the buyer with the largest

standard deviation is shifted.
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The following proposition illustrates how the optimal inventory allocation gets affected by

change in system parameters.

Proposition 5 Consider a system with one supplier and M > 3 buyers where o1 < 09 < --- <
onm- Assume that the M buyers are optimally partitioned into two groups, S and B such that
the supplier carries the inventory of all buyers in group S and buyers in group B carry their

own inventory; thatisS ={1,...,k}and B={k+1,... ., M}.

Consider the four cost parameters in the model — the holding and penalty costs for the
supplier (k* and p®) and for the buyer (h® and p®). For any given values of three of these
parameters, there exist (i) two unique threshold value functions of the fourth parameter, (ii) an
m such that 1 < m < |S| butm # 2, and (iii) an n, such that |S| + 1 < n < M, which redefine

the optimal partition of buyers as follows:

Parameters Optimal Partitioning & Conditions
S+« S\ {m,...,k} S+ SuU{k+1,...,n}
Fixed Thresholds | B+ BU{m,...,k} No Change B+~ B\{k+1,...,n}
h*, p*, and h* | pp*(k), p} (k) P’ < pp*(k) p” € [p* (%), ph * (k)] P’ > pp (k)
K, p®, and p° | hi*(k), b (k) h? < hj* (k) € [h*(k), hy (k)] h® > hj¥ (k)
h, p and h* | pj*(k), pj (k) p > pjy’ (k) p € [p*(k),p *(k)] p <pi*(k)
h', p", and p® | Aj* (k). by (k) > by (k) € [h* (k), by (k)] < hi*(k)

The above proposition is similar to Proposition 2 for a single-supplier and single-buyer

case with analogous interpretations.

Suppose that the supplier is presently working with a set of buyers with the optimal loca-
tion of inventory as determined above. Now a new buyer approaches the supplier to consider
a similar inventory placement arrangement. What delivery lead time should the supplier
guote this new buyer? How does it affect its relationship with the existing set of buyers? The

following proposition provides an answer.

Proposition 6 Consider a system with one supplier and M buyers divided into two groups, S
and B. If it is optimal for the supplier to keep the system inventory for the group of buyers in
S while the buyers in B keep their own inventory, then adding another buyer to the system will

result in exactly one of the following scenarios being optimal.
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1. Buyer M + 1 is added to group S while group B remains unchanged.
2. Buyer M + 1 is added to group B while group S remains unchanged.

3. Buyer M + 1 is added to group S along with ¢ of the buyers with the smallest standard

deviations in group B, for some q.

From Proposition 4 we know that group S, say of size m < M contains the buyers with the

m smallest standard deviations. Hence Proposition 6 says the following.

1. If the new buyer has a standard deviation smaller than o,,, then this buyer will be added
to group S, possibly along with some of the buyers from group 5. This is illustrated in
the following example. Let o4y = 1, 09 = 3, 03 = 5, 04 = 20, 05 = 80, and § = .7. Then the

minimum cost occurs when § = {01,092, 03}.

(a) Adding a sixth buyer with o = 4 results in a new minimal partition where § =
{017 02,06, 03}-
(b) Adding a sixth buyer with og = 4.5 results in a new minimal partition where § =

{017 02,06,03, 04}-

2. If the new buyer has a standard deviation larger than o,,, then this buyer will either
be added to B by himself, or added to S along with several other buyers who previously
held their own inventory. Clearly, should he be added to S, then at least all buyers with
smaller standard deviations will also be included in S along with M + 1. These two cases

can be seen in the following examples.

(a) Assume a buyer with o4 = 250 is added to the buyers previously listed. The new

minimum occurs where S remains unchanged but where B = {04, 05, 04 }.

(b) Assume a buyer with og = 21 is added. In this case the new minimum occurs where

S ={01,09,03,04,05,06} and where B = ().

In other words, it will never happen that adding a buyer to an existing system will result in
some of the buyers, for whom the supplier had previously carried inventory, now carrying their
own inventory. This is an important “stability” result in the sense that contracting with more

buyers does not upset the existing arrangements with present buyers in a negative fashion.
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3.3 Effect of Transportation Lead Times

Once again, we can incorporate transportation lead times into our model. As before the sup-
plier’s cost must now reflect that the maximum amount of time it can take to get goods to the
buyers has increased by [;.1° That is, in Lemma 4, [, is replaced by [, + [;. Again, the model
can be used to investigate two different policies. When transportation lead time is included in
the production lead time, (comparing costs when l;, = 0 and 4, = [, + I, + 1), the propositions
and lemmas remain unchanged. When it is included in the delivery lead time, (we examine

la, = l; instead of [;, = 0), the results still hold, though some conditions are slightly altered.

In Proposition 4, 3 is replaced with 3 (\/1 + lplfH - \/zplh) and in Proposition 5, we must add
l; and [, to the “fixed” column. Proposition 6 holds without any change. With both policies,

the discussion remains the same as with only one buyer, and so is not repeated here.

4 Conclusion

This paper has examined delivery lead time and its impact on the costs of a two-stage serial
and arborescent supply chain. We have demonstrated the link between delivery lead time
and the location of system safety stock. For a system with only one buyer and one supplier,
we showed that either the supplier or the buyer, but not both, should keep the system safety
stock. Moreover, there is a threshold value for the production lead time that is a function
of the remaining parameters, such that for production lead times larger (smaller) than this
threshold, the supplier (buyer) should keep the system safety stock. Similar thresholds exist

for both the supplier’s expediting cost and the buyer’s shortage cost.

For a system with one supplier and multiple buyers with identical cost parameters, we
showed that the supplier will keep the safety stock for the buyers with the m smallest stan-
dard deviations, while the rest of the buyers kept their own inventory. This m is a function

of the parameters of the system. We also showed that adding another buyer to an optimally

1N this section we assume identical transportations times. This can be relaxed. The analysis, however, be-
comes considerably complex and some of the results may alter. For instance, if we have two buyers with differing
lead times, it is possible that one buyer holds inventory and the other not, so long as the buyer which holds the

. . . o2 It I,
inventory has the shorter lead time and, if l;, < I;,, % < 41% (1 + z%)
: P P

o
J
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operating system will never result in an optimal solution where a buyer, who previously had

inventory held by the supplier, will now carry inventory.

In this work, we have operated from a centralized position, seeking to examine the optimal
delivery lead time that minimizes total system cost. The optimal allocation of inventory and
the changes wrought by adding a buyer to an existing system, however, raise interesting
incentive issues, especially for the supplier. Unless appropriately compensated, she will likely
be unwilling to shoulder the risk of the whole system by offering a delivery lead time of zero.
Moreover, she may not be inclined to take an extra customer if re-setting the delivery lead
times may cause her expenses to increase disproportionately to her revenue. Thus, a look at
the incentive structure required to expand this work to the decentralized scenario is an area

of future research.

5 Appendix

Proof of Lemma 1: The sum of (2) and (5) gives the expected system cost as follows:

Sb S*
Ol) = p*(lp — L+ D + plapi — (h° + ) / £fiy(@)dz — (b + p°) / thiy 1 (@)de  (15)
0 0

For a normal density f(z), (15) can be rewritten as follows by observing that ffoo xf(zx)dr = pF(a) —
o2 f(a).

C(la) = p (p"la + P (I — la+ 1)) — @ + W)y (uF,(S") — 0 £1,(S"))
— P+ )y = la+ 1) (1Fi,—1,41(S°) — U2fl —1,+1(5%))
:M(Pbld+ps(lp—ld+1))—(pb+hb) <,Uld . — o/lag( kb)
o\/lp —lqg + 1p(k%) )
=0 ((hs +0))o(k*)\/Ip —la+ 1+ (h" +p )cb(kb)\/l_d) (16)

—(pS-Fhs)( (l —ld+1

Taking the first and second derivatives of C(l,;) with respect to /4, we get:

0CUa) _ (@ +h)s(k") (" +h)o(k")

Olq - \/E Vi —=lg+1

*Cla) (" +r")o(E")  (0° + h*)p(E*)
a2 < 13° T —la+ 1)1-5>

(17)

Clearly, the second partial will always be negative and so C(l4) is strictly concave. Hence its

minima are to be found at the extremal values that {; can take. |
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Proof of Lemma 2: The cost for buyer i,i = 1,2 has the same functional form as the single buyer of

Lemma 1: b
ch (ldlvldz) = pbldiﬂi - (hb +pb) / «Tfldl. (:v)d:v : (18)
0

Using the same reasoning as before, the expected periodic cost function for the supplier can be

derived. Where ¢(-) is a normal density with mean p; = (I, — lg, + 1)1 + (I, — lg, + 1)p2 and standard

deviation o5 = \/(I, — la, + 1)o? + (I, — la, + 1)o2, the expected periodic cost function for the supplier
which is the two buyer equivalent of (5) is

o
C*(lay,la,) = p°us — (B* +ps)/ zg(r)dz (19)
0

Therefore, the total expected periodic cost is written as follows:
Clay,lay) = C*(lay,lay) + C* (lay, lay) + C*2(1ay, 1ay)
S Sb1
== (04 p) [ agladdo 4l — (0 1) [ afi, (@)da
0 - 0
g = (0 +) [, (@)

= (" + )6k (01T, + 02/l )

+(n° +p8)¢(k8)\/ (lp = lay + D)ot + (lp = L, + 1)03 (20)

To show that C(l4,,14,) is also a concave function in both /;, and [4,, we need to find the first and

second partials.

OC g, las) _ _ o} (1 +p*)o(k*) L gl )o(k)
g, 2\/(lp —la, + 1)o7 + (I, — la, + 1)73 2\/la;
0°Cllay 1)) _ ot (h* +p*)o(k*) _ alh+ oY) e
o, Wy —lay + 007 + (U —lay + D3> Al
aZC(ldnldz) _ O—%U%(hs +ps)¢(ks)
g, 0la, (22)

1.5
4((lp — gy +1)0? + (1 — lg, + 1)03)

It is quite easily shown that the Hessian is negative definite, and hence the cost function is strictly

concave in l4, and l4,. Hence the minimum for C(l4,,14,) will occur where i4, € {0,1, + 1}.

C(0,0) = (h* +p8>¢<k8>¢ (I, +1)(0? +03) (23)

(0,1, +1) = (h* + p")p(ED) o2/, + 1+ (B* + p*)p(k*)o1\/1, + 1 (24)
C(l, +1,0) = (h* + p") (k") o1 \/1, + 1+ (h* + p*)p(k*)o2/1, + 1 (25)
Clly+1,1,+1) = (hb+pb)¢(kb)(al+02)\/m (26)
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We will show that if C({, + 1,1, + 1) > C(0,1, + 1) then C(0,0) < C(0,1, + 1), that is [, = 0 and

la, =1, + 1 will never be optimal. First, using the above four equalities, we get

Cly + 1,1, +1) > C(0,1, + 1) & (h* +p")p(k") > (h° + p°)p(k*) (27)
C(0,1, + 1) > C(0,0) & (h* +p")p(k")as > (h* + p°)H(k”) (x/cf% +03 - 01)
02

& (h* +p")p(K") = (b +p°) (k") (28)

/2 2 =
oy +o05 —o

Since oy + 02 > /o7 + 02, then \/ﬁ > 1, and the result follows. Thus lq, =0andly, =1, +1
will never be optimal. The case for C'(I, + 1 0) is identical and hence is omitted. Thus it will never be

optimal for 4, # l4,, and the optimum will occur at either I, =14, =0o0rly =14, =1, + 1. |

Proof of Proposition 4: To make the presentation of the proof easier, let us define some initial
notation. Let .4 be a subset of buyers in the set of all buyers S, and A be its complement in S, where
S has cardinality M. Then for any A with cardinality m, let C(m)4 be the total cost for the situation
where the buyers in A keep their own inventory, and the supplier keeps all other buyers’ inventory.
Finally, recall that 8 = (W 0")0(k") g define k = (h* +p*)¢(k*)\/I, + 1. Then, the cost equations are

(he+p*)d(k*)
=k |BY oi+ [> o (29)
ZEA iez
First, consider the case where g > 1.

o (15 [ (5 et )
i€A i€A €A icA
—H(,/Zafﬂ/ZU?)ZH( Zo?+203>=0<0)s (30)
icA icA icA icA

The first and third inequalities come from properties of the square root and the second inequality

comes from g > 1. Hence, the supplier keeps all of the system inventory when g > 1.

Now, consider the case where g < 1. First, we will show that either all buyers hold their own
inventory, or there exists a buyer k > 2 such that the optimal system inventory allocation will be for
the supplier to hold inventory for buyers 1 through k, and for buyers & + 1 through M to hold their own
inventory. Then we will demonstrate exactly when it will be optimal for all buyers to hold their own

inventory.

To start, we will show that it will never be optimal for the supplier to hold inventory for only one
buyer. Consider A = {k} and A = S\ {k}. Then

C(M—l{k}—lﬁl( Z Uz+0k>>/i(6 Z 0j Bo—k)—’iﬂzgz— (Z) (31)

i€S\{k} i€S\{k} i€S
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Hence, when 5 < 1, the system will always prefer all the buyers holding their own inventory over the

supplier holding inventory for only one buyer.

Next, for any j € A # 0, consider C(m)z and C(m + 1)%, -

Clm)z < Cm+ 1)z <= B o+ [Do<B > it | Y oF
icA icA ic AU{j} i€ A\{j}
—o0; < —— -3 \/7 (32)
icA\{j}

For any [ € A # 0, consider C'(m)4 and C(m )Au{l}

Cm)g <Clm =Nz, <= B oi+ [D 0?<B Y o+ | D o
icA icA ic A\{l} i€ Au{l}
2

= o > 1_ (33)

ZEA

Hence, if C(m)5 were the minimum total cost, then o; < oy, for all I € A and j € A. Since the o’s
are ordered by increasing size, this means that C(m)4 can only be the minimum if A=1{1,2,...k}
and A ={k+1,...,M} for some k € {1,...,M — 1} or if either A = ) or A = . Finally, k # 1 as the

supplier will never hold inventory for only one buyer.

To show the necessary conditions for the minimum, first note that

S
icA
o > 26 Xk:02 (34)
| Z l—ﬁQ P it

Since opy11 < opy2 < --- < oy, this condition, which must be true for all I € A, is equivalent to

5 k
Okt1 > 1-3 _BBQ ;U? - (35)

Similarly, we can find an appropriate & such that rewriting gives

can be rewritten for some k as

k

s [ Sa=rln Tt (39)
i=1

ieA\{j}

¢From this we get that, for all j ¢ A

k—1 k—1
23 208
- < < — 2 < 2 2 _ g2 37
U]_Uk_1—32 ilal_l_BZ\liglaz+ak 0; (37)




and hence the second condition which must be true for all j € A is equivalent to

(38)

k—1

E 2
a; .

i=1

k
E T o2
i=1 1
>
-
i=1 "'

inventory, which implies that the above derived conditions are the necessary conditions for the optimal

Finally, we will show that when 8 < i, = ming , the buyers will all keep their own

partition when S, < < 1. From the definition of $,,i,, we can get that, forall k € {1,2,..., M}

M k M
C(M)g=kB> 0i<ky|> 0l +6B > 0i=C(M—k)g (39)
i=1 i=1

i=k+1
where A = {1,2,...,k}. Hence, for 8 < Buin, it will be optimal for all buyers to hold their own inventory,

and the theorem is proved. |

Proof of Proposition 5: Given Proposition 4, let us introduce easier notation for the expected cost.

Let CM be the cost associated with a system of M buyers where k of them, those with the k& smallest
standard deviations, keep their inventory with the supplier. Then CM = & (,8 Zf‘ikH o; + 1/ Zle af) \

CM = kY 0i,and OM = ky/ M, 02. Assume that C was the optimal cost for the case with M

buyers. For all other values of k, this implies that

M
B20i+

i=m+1

m M
LD
i=1 i=k+1

It is easy to see that if 3 is increased, then C¥ increases faster than C for all k < m. Hence, as
B is increased, m will never decrease. On the other hand, if 3 is increased, then C M increases slower
than CM for all & > m. Hence, it is possible that m could increase. It need not, however, increase

smoothly. l.e., if # should increase by .1, then m could jump from 3 to 8.

Similarly, if 3 is decreased, then C¥ decreases slower than C for all k¥ > m. Hence, as 3 is
decreased, m will never increase. On the other hand, if 3 is decreased, then C' decreases faster than
CM for all k > m. Hence, it is possible that m could decrease. It need not, however, decrease smoothly.

l.e., if 8 should decrease by .1, then m could jump from 3 to 0.

Finally, recall that 3 = %. This means that § is increasing in A* and p®, and decreasing in

hf and p*, and the proposition is proved. |

Proof of Proposition 6: Once again, let C¥ be the cost associated with a system of M buyers where

k of them, those with the k& smallest standard deviations, keep their inventory with the supplier. Then
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CY =k <B Zfikﬂ o+, a?) . Assume that C was the optimal cost for the case with M buyers.

For all other values of k, this implies that

M
> o

i=k+1

M
52%%—

i=m+1

Assume we add a buyer with o,/41. Let ¢ be the buyer such that o, < o1 < 0441. Then the minimal

total cost function must have the following form.

K ﬂzyk+10i+BUM+l+\/Zf1Ui2> fork=1,...,¢q

Cr]i\/IJrl _
K BZij\ik+1O_i+\/Zf:10-z'2+U%/I+l> fork=q+1,....M

(40)

Case 1: Assume opr41 > om. This means that m < q. Hence, for all other k < ¢, since CM < CM
and CM* = OM + kBorrs1, it must be that CM+! < CM*L. This means that for oar1 > oy, either
the added buyer will hold his own inventory, or he, along with all other buyers with smaller standard
deviations, as well as possibly some with higher standard deviations, will have the supplier hold his

inventory.

Case 2a: Next, assume o, < op4+1 < 0. Following the same argument as above, O,i”“ = C,ﬁ” +
kBor+1 implies that CM + kBonri1 > CM + kBory1. But CM + kBoayq is not even among the possible
candidates for being optimal, since Proposition 2 indicates that it is dominated by some other optimum

j- Hence C,i‘“l cannot possibly be optimal.

Case 2b: Finally, assume that o1 < 0 < o,,,. TO See that CM+L > oM+1 first note that
+ k m

k
M+1 _ ~M 2, 2 2
C =C}, +/<;\Zai+aM+1—/<a E o;
i=1

i=1
k k
ZC%+H\ZU?+U%/[H—R ZU? (41)
i=1 i1

which will in turn be greater than CM+1 if

k m m k
2 2 2 2 2 2
DL A TR DL AEND AL R DL
i=1 i=1 i=1 i=1

This will be true if and only if m > k, which is the case in this situation. Hence we have that O}c‘“l >
CM+1 Thus, for o1 < 0., We get the same result. That is, it will never be optimal for an added buyer
with standard deviation smaller than o, to join the system and hold his own inventory, thus causing
several other buyers who had previously held their stock with the supplier to hold it themselves. He,

possibly along with other buyers who had previously held inventory, will have the supplier hold it.
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Thus, either the new buyer will be added to the group which keeps its own inventory without
disturbing the location of the other buyers’ inventory, or he will be added to the group for which the

supplier keeps inventory, possibly along with some buyers who previously held their own inventory. Bl
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