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Study of Decentralized Distribution Systems: Part |1 -
Applications

Abstract

Anupindi, Bassok, and Zemel (1999) developed a general framework for the analysis of de-
centralized distribution systems. Several key ideas illustrated in that paper include a (i) “co-
opetitive” framework for the sequential decisions of inventory and allocation, (ii) the notion
of claims that separate the ownership (with decision rights) and the location of inventories
in the system, (iii) the existence of allocation mechanisms that achieve the first best solution,
and (iv) meta-core as a criteria for the implementability of the solution concepts. The purpose
of this paper is to explore, within the context of the general framework, the strategic role of
some simple and intuitive allocation mechanisms in duopoly and oligopoly models. For the
duopoly model, we develop sufficient conditions for the unigueness of a pure strategy Nash
Equilibrium and propose some simple allocation rules which exhibit unique Nash Equilibria.
We then develop necessary and sufficient conditions under which a transfer pricing mecha-
nism achieves first best. For a symmteric oligopoly model, we develop sufficient conditions
for the existence of a unique Nash Equilibirum. Finally, for two specific oligopoly models (in-
cluding the symmetric case) we show the existence of allocation policies that achieve the first
best.



1 Introduction

A common problem in distribution systems that face uncertain demand is temporary imbal-
ance of stocks. For example, one agent may be out-of-stock while another has excess stock.
Clearly customers at the agent with a stock-out are unsatisfied. Exchange of stocks between
these agents improves overall customer service. But who gets the benefits of this exchange?
The agent who had excess stock or the agent who had excess demand? In general, how do
we devise incentive mechanisms to facilitate this exchange in decentralized systems? How do
these incentive mechanisms impact the strategic inventory deployment decision of the play-
ers involved? How does the performance of the decentralized system compare to a centrally

coordinated system?

Anupindi, Bassok and Zemel (1999) (henceforth referred to as ABZ99) develop a general
framework for the analysis of such systems. They demonstrate the existence of incentive
mechanisms that give the centrally coordinated (first best) solution. Several key ideas illus-
trated in that paper include (i) a co-opetitive framework for the sequential decisions of inven-
tory and allocation, (ii) the notion of claims that separate the ownership (with decision rights)
and the location of inventories in the system, (iii) the existence of allocation mechanisms that
achieve the first best solution, and (iv) meta-core as a criteria for the implementability of the

solution concepts.

The purpose of this paper is to illustrate the framework developed in ABZ99 for a gen-
eral duopoly system and two oligopoly models. In doing so, we are able to sharpen several
results. For example, for a duopoly model, we develop sufficient conditions for the unique-
ness of a pure strategy Nash Equilibrium and propose some simple allocation rules which
exhibit unique Nash Equilibria. We then present simple allocation rules under which the
Nash Equilibrium is unique. We also explore whether some of these simpler allocation rules
(e.g., transfer pricing rules) achieve the first best solution. Specifically, for a duopoly system,
we develop necessary and sufficient conditions under which a transfer pricing rule gives the
first best. For a symmetric oligopoly model, we develop sufficient conditions for the existence
of a unique Nash Equilibirum. Subsequently, for two oligopoly models (including the symmet-
ric case), we explore the performance of some intuitive allocation mechanisms and show that

a transfer pricing rule does not give the first best solution even under simplified assumptions.

According to ABZ99, work on decentralized distribution systems can be classified along

three attributes, namely search (customer or retailer driven), system (duopoly or oligopoly),
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and interaction (horizontal and/ or vertical). A detailed literature review based on this criteria

can be found in ABZ99. For completeness, here we briefly discuss the essentials.

Several papers have analyzed a duopoly system. Parlar (1988) and Anupindi and Bas-
sok (1999) analyze duopoly models that consider customer-driven search. Customer-driven
search implies a specific allocation rule for surplus generated from satisfying excess demand
at one retailer using excess stock at the other. As we will show, this allocation policy does
not give the first best solution. Two papers — van Mieghem (1998) and Rudi, Kapur, and
Pyke (1998) — consider retailer-driven search in duopoly systems. Given the context of a
manufacturer and a sub-contractor, the search in van Mieghem (1998) can be considered
uni-directional. He evaluates mechanisms that achieve the first best solution and demon-
strates that a simple transfer pricing mechanism does not achieve the first best. Lippman
and McCardle (1997) analyze a competitive newsboy (oligopoly) model. The allocation rule for
excess stock at one location to satisfy excess demands at another is very similar to the one
considered by Parlar and hence can be considered customer-driven. They then examine the
relationship between equilibrium inventory levels and the allocation rules and provide con-
ditions under which there is a unique equilibrium. All of the above papers, except Anupindi

and Bassok (1999), analyze only the horizontal interaction between the retailers.

The rest of the paper is organized as follows. In Section 2 we briefly summarize the key
concepts of the general framework developed in ABZ99. In Section 3 we analyze the gen-
eral duopoly model. In section 4 we analyze two oligopoly models. Finally, we conclude in

section 5.

2 Key Concepts of the General Framework

In this section, we summarize the key concepts from the general framework developed in
ABZ99.

Consider aset V' = {1,---, N} of retailers of a common product, each of which faces his own
demand and manages his own inventory and sales. We use the well known framework of the
single period, single item newsvendor problem. Specifically, for each n € N, let g,, r,, and v,
be the unit cost, unit revenue, and unit salvage value, respectively. In addition, each retailer
n € N is faced with its own demand distribution, D,, , with D = (D1,---,Dy). We assume

that the demand profile D is distributed according to a continuous joint cumulative density
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function (CDF) F(ﬁ), with a corresponding set of marginal (not necessarily independent)
CDF's denoted F),(D,,). Before the actual demand D, is realized each retailer n € N orders
(and pays for) a certain quantity of stock X,,. We denote the profile of stock ordered by)? =
{Xi, -+, Xn}. The actual sales by retailer n is denoted S,, = min{ X,,, D, }, leftover inventories

for salvage H,, = max{X, — D,, 0}, and the excess demand is E,, = max{D,, — X, 0}.

In addition to local stocks, the distribution system consists of a set W = {1,---, W} of
centralized warehouses. For each warehouse w € W, we let ¢, be the purchasing cost at
warehouse w, v, the salvage value of excess stocks at warehouse w, and Y,, stock position
at warehouse w with ¥ = (Y1,---,Yw). Finally, we also define ¢; , as the per unit additional
shipping, handling or discounting costs associated with meeting demand at retailer n from
location (retailer or warehouse) i for each i € WU N, n € N. Finally, 5, represents the

fraction of customers at retailer n who will accept service out of location i.

Finally, we assume a system with pooling of residuals; that is, that each agent covers
his own demand first and only then the residual inventory is shipped to satisfy any unmet

demand at other locations.

2.1 First Best Solution

The first best solution is obtained by solving the inventory and shipping decisions for the
distribution system assuming a single decision maker. The model can be formulated as a two-
stage stochastic program; see ABZ99 for details. Here we just write Jﬁ[()f', 17) as the expected
value of the profits for a given inventory profile (X,Y) with I1§, = max g o JS(X,Y) repre-

senting the first best profits and (X**,Y**) = argmax ; ;- J§-(X,Y) as the first best solution.

2.2 Claims

The common inventory Y is claimed if each unit of inventory that comprises Y is separately
owned (regardless of its location) by some retailer. Let Y;, ,, denote the inventory at centralized
location w € W claimed by retailer n. We require that ijzl Yon = Yy, for all w € W.
Claims establishes ownership of each unit of inventory in the system. They are established
by purchasing inventory before demand is realized and entitle the owner, in turn, to determine

its use ex post.
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2.3 Co-opetitive Framework

Assuming that all common inventory is claimed, there are two classes of decisions to be made

in sequence, namely inventory and shipping/allocation as follows:

1. Inventory Decisions: Before the demand profileﬁ is realized:
(a) Each agent, n € ' must determine his inventory position, (X,,,Y1 n,...,Yw,) = Zn.

2. Shipping Decisions: In addition, the following decisions need to be made after the de-

mand profile is realized:

(a) the deployment of the residual and common available inventory stocks towards the
various residual demands at the respective locations after demand profile is real-

ized, and

(b) the allocation of the excess profits generated by sales at the various retailers due to

the shipping decisions for a given realized demand profile.

While the allocation of profits are done after the demand profile is realized, the players
need to reach an agreement regarding the allocation mechanism before the demand profile is
realized. Finally, observe that the shipping decision and the resulting allocation of profits is
cooperative whereas the inventory decision is non-cooperative. As solution concepts, for the
former we use the notion of core and for the latter the Nash Equilibrium. We briefly discuss

these next.

2.3.1 Cooperative Shipping/ Allocation Decision

Let [Z] = (Zl, . ,Zn) denote the inventory position of all players. For each coalition S C N/,
let WS*([Z],ﬁ) be the maximal excess profit available to members of S (in addition to what
could be achieved without pooling) for a specific demand realization. W([Z], ﬁ) is the optimal
value of a linear program which decides the optimal shipping pattern; see ABZ99 for details.

There are two types of allocation games to consider.

 Snapshot Allocation Games (SAG(D)): Let &([Z], D) be the allocation of profits to each
player for a given [Z] and D. In SAG(D), we seek allocation mechanisms in a core where the
value of the game is derived by optimizing the shipping decisions for a given realization of the
random demands. Thus, @([Z], D) should satisfy:
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> «i((2],D) > W5((Z],D) VSCN (1a)
jES
3" «;((Z], D) = Wi (2], D) (1b)
JEN

ABZ99 show that the core of SAG(ﬁ) is non-empty. Specifically allocations based on the
dual price vector of the shipping decision are in the core. Clearly, an allocation rule with
allocations in SAG (D) is renegotiation proof (Fudenberg & Tirole, 1991).

e Allocation Games in Expectation (AGE): In AGE we seek allocation mechanisms in a
core where the value of the game is derived by taking expectation (over all possible realiza-
tions of the random demands) of the profits generated from the optimal shipping decisions for
each set of realizations. That is, if W([Z], D) represents the value of a SAG(D) for a specific
demand vector D and for coalition S, then the value of the allocation game in expectation
(AGE) is given by

W3((Z]) = B5W3((2Z], D).

In AGE we seek allocations «;([Z]) such that

Yo ai((Z]) > Wi(Z]) YSCWN (2a)
jES
3 a;((Z]) = Wi ([2). (2b)
JEN

Observe that an allocation rule with allocations in AGE is not renegotiation proof. There-
fore, to implement such an allocation rule, we assume that the players agree to a “long-term”
contract on the allocations and with no opportunity to renege regardless of the demand real-

ization.

2.3.2 Non-Cooperative Inventory Decision

Given an agreed upon Allocation Rule m (denoted by AR-m), that belongs to the core of either
SAG(D) or AGE, we denote the total profits of retailer n as

w
P"([Z], D) = rSn + vp Hy — cn Xy — Z CwYwn + an([Z], D).

w=1
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Let J"([Z]) = Eﬁpﬁn([z],ﬁ). Then the Nash Equilibrium (NE) of the inventory problem for a

given allocation rule AR-m is given by
JP(Z™) > J™([Z™)_, U Z,)  VZn,VneN. ©)

That is, Z;L"* is the optimal policy for retailer n for a given AR-m and actions of all other

players.

2.4 Constructing Allocation Mechanisms

We summarize one important result developed in ABZ99 that allows us to construct new
allocation mechanisms that are in the core (SAG(E) or AGE) and implement a desired Nash

Equilibrium solution.

Theorem 2.1 Consider an allocation policy AR-m with allocations o ([Z], 13) to playern € NV.
Let J"(-) be the profit function of player n under AR-m. We assume that .J*(-) are continuous
and unimodular so that the existence of a Nash equilibrium in pure strategies is guaranteed.
Let [Z]™ be a Nash equilibrium in pure strategies. Then there exist constants wj,([Z]™*, D)

using which we can construct a new allocation policy, denoted by AR-m, with allocations

—

a?([Z],D) = anm([z]’[j) +wn([z]m*v5)

such that (i) [Z]’%* = [Z)™ and (ii) AR-m is in core of SAG (D) or AGE whenever [Z] = [Z]™".

2.5 Criteria for Implementability of a Solution: Meta-Core

If the agents negotiate over the allocation policies, then we need to provide criteria for the

choice of an allocation policy. We refer to this as the meta-core.

Consider a sub-coalition S ¢ N. Suppose an allocation policy AR-m is used by the mem-
bers of this sub-coalition. Let J7-S([Z™*]) denote the payoff function of the Nash equilibrium
game for this sub-coalition; we explicitly show the dependence the payoff function on the
coalition S. For an allocation policy AR-h, define the value of this coalition as follows:

Us(in) = Y J"5([Z™]).
keS

Clearly the value of this sub-coalition will be a function of the allocation policy AR-m. Let

allocation policy AR-mg maximize the value of this sub-coalition. That is,

Us(ms) = max Ug(mn).
m
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Now consider all allocation policies AR-m that are in the core for the grand coalition N such
that the payoffs of the individual players are Pareto optimal. Then the set of allocation policies
that are candidates for implementation should satisfy the following conditions:
> TN(Z™) 2 Us(ms)  YS C . @)
nes

If an allocation policy AR-m satisfies (4), then we say that it belongs to the meta-core.

3 A Duopoly Model with Claims

We now illustrate the general framework using a duopoly model with claims. In doing so,
we first develop sufficient conditions for the uniqueness of a NE. We then suggest several
intuitive allocation policies and illustrate that the NE is unique for these policies. We also
develop necessary and sufficient conditions that ensure that a transfer pricing mechanism

will give the first best solution.

Let S,, H,, and E, represent respectively the sales, excess leftover inventory, and excess

demand at retailer n before any transhipments. That is,

Sy = min{X,, D, }
H, = max{X, — D,,0}
E, = max{D,, — X,,0}.

Observe that X,, = S,, + H, and D,, = S,, + E,,. We also define
S=81+8,H=H+H,, E=FE1+ FEy,D=D;+ Dy,and X = X; + Xs.

The total sales resulting from the transhipments is given by min(Y, H, E). To allocate
the profits that result from the transhipments, one may define various allocation rules (AR)
each of which result in a different allocation of residual profits for retailer n. An AR could
be a posteriori (depend on variables, e.g., sales, excess stock, etc., that are function of the
realization of demands) or a priori (based on some prespecified ratios). We now list some
possible allocation rules that define the fraction of total surplus, @, allocated to player n =
1,2.

AR-y  Allocate in proportion to some predetermined fraction, v,: ©) = v,, 7, € [0,1], 71 +
Y2 = 1.
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AR-e  Allocate in proportion to excess demand, E,: ©f = %;

AR-h Allocate in proportion to excess stock, H,: G)’,; = %;

(The letter m in AR-m signifies the allocation variable.) AR-v is a simple rule. AR-h and AR-e
are intuitive since the former gives all credit to the player who satisfies demand whereas the
latter gives all the credit to the player who generates the demand. Several other allocation
mechanisms can be outlined; e.g., allocations in the ratio of realized sales, realized demands,
etc. Alternately, simple transfer pricing rules can be devised. We will show later that a
transfer pricing scheme can be devised as a convex combination of the allocation rules AR-h

and AR-e. However, do the retailers have an incentive to participate in this exchange?

Proposition 3.1 In aduopoly system, any allocation mechanism that gives non-negative resid

—

ual profits to each player is in the core of SAG(D).

This is straightforward to see since each sub-coalition is a singleton and constraints (1)
are easily satisfied. Hence, in a duopoly, all the allocation mechanisms listed earlier are in
the core of SAG(ﬁ) and AGE. While AR-v is an a priori allocation rules, AR-e and AR-h are a
posteriori allocation rules. The latter, however, can be converted to a priori rules by replacing
the corresponding random variables (£, , H,) by their expectations. In the rest of this section,
we will focus our attention on allocation rules AR-h and AR-e. Allocation rules AR-h and AR-e

are attractive since they are intuitive.

3.1 Uniqueness of Nash Equilibrium

We begin by presenting a general result for the uniqueness of NE in a duopoly where the

strategy space of a player is one-dimensional.

Theorem 3.1 Suppose that the payoff function of player i, Ji()f) is concave in X; and twice

differentiable. Define the following function:

82J;(X)

9X;0X;

»25(X)’
0X;?

Ri(X) =

Then there exists a unique pure strategy NE if either condition D1 or D2 holds:

D1: |Ry(X) - Ra(X)| < 1
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D2: |R;(X)| > 1 and |Ry(X)| > 1.

Proof: Notice that R;(-) is the slope of the reaction function of player i. To ensure uniqueness,
we need to ensure that the respective reaction functions intersect only once. Uniqueness of
the NE under condition D1 follows from Proposition 4.1 of Basar and Jan Olsder (1995). Thus
Theorem 3.1 extends the result of Basar and Jan Olsder (1995) when the strategy space each
player is one-dimensional. To see the uniqueness under condition D2, draw both the reaction
functions with X; along the x-axis and X, along the y-axis; that is, draw Ry(X;) and Rl‘l(Xg).
These functions will intersect only once if slope of one dominates the other. Condition D2

ensures this. l

For the rest of this section, we make the following assumptions:

ALl: The unit revenue at location 1 is larger than the unit revenue at location j less the tran-

shipment cost from i to j; thatis r; > r; — t; ;.

A2: The unit cost of transhipment from location i to j exceeds the corresponding differential

in salvage values; that is ¢;; > v; — v;.

A3: All customers at retailer n will accept service out of location ¢ if need be; thatis, 4, =1
for all i,n € {1,2}.

A4: There is no pooled inventory; that is Y =0.

Assumption Al ensures it is profitable to satisfy local demand first. Assumption A2 en-
sures that it is not profitable to salvage at an alternate location. Assumptions A3 is made
for convenience of analysis. Assumption A4 ensures that the strategy space of a player is

one-dimensional. We could relax Assumption A4 if we assume that there is no local inventory.

Recall that J{L”(X') represents the expected profits of player n when allocation rule AR-m
is used. It is useful to write the payoff function of player n as consisting of two parts: a direct
profit (DP,) earned by satisfying local demand as much as possible and an indirect profit
(IP7") which represents the allocation of excess profits to player n under allocation rule m

generated from the exchange of goods between the two players. Thus,
J(X) = E[DP,(X,, D,)] + B[P (X, D), (5)

where
DP,(X,,D,) = E[r, min(X,, D,) + vmax(X, — Dy,0)] — ¢, X,,
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and IP"(X, D) = @"W;-(X, D). W}/(X, D) is the total surplus generated from the exchange

of goods between the two players. If ¢ ; represents the quantity shipped from player ¢ to j

then
Wi (X,D) = qlfgf}l?;l(rz —v1 —ti2)qie + (r —ve —t21)q2,1 (6a)
subject to

Q2 < Hy (6b)

q21 < Hy (6¢)

Q12 < Ey (6d)

g2, < By (6e)

q1,2,921 > 0. (6f)

Let X™* be the NE for AR-m satisfying (3) with Z, = X,,.

In the remaining part of this section, we will assume specific allocation policies. To this
extent, we need to write the payoff functions explicitly. We make the following additional

assumption for convenience:
A5: Demands across the retailers are independent.
Applying this result to duopoly with AR-h and AR-e, we get the following result.

Proposition 3.2 Given Assumptions Al-A5, there exists a unique pure strategy NE for the

duopoly model with claims under both AR-h and AR-e.

Assumption Al ensures that the game of pooling with residuals is indeed optimal. It also
ensures that the payoff function of player ¢ is concave in X;. In addition, Assumption A2
ensures that the payoff function under AR-e is concave. It is then straightforward to show

that Condition D1 of Theorem 3.1 is satisfied under each of the allocation rules.

We now focus our attention to study the effect of allocation mechanisms on inventory de-

cisions.

3.2 Effect of Allocation Mechanism on Inventory Decisions

We will now discuss the effect of allocation mechanisms AR-h and AR-e on the equilibrium

inventory decisions of the two players. In addition, we examine whether the first best solution

10
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can be achieved. Recall that X¢* represents the first best inventory decision. This is obtained
by solving the general duopoly model assuming a single decision maker controls the system.
Yet another benchmark is the unilateral inventory of each player should they decide not to
share any stocks after demand realizations; in this case there is no interaction between the
two players. Subsequently, each player behaves like an independent newsvendor and decides
on stock level X given by:

i

Fi(X]) = “—.
2 2

Proposition 3.3 The equilibrium inventory in the decentralized system when profits are allo-
cated in proportion to excess demand (AR-e) and the equilibrium inventory when the profits are
allocated in proportion to excess inventory (AR-h) are respectively below and above the optimal

inventory when the players behave as independent newsvendors. That is, X¢* < X" < X'+,

How do these inventory levels compare with the first best solution? It is straightforward to
show that the reaction functions of AR-e (respectively, AR-h) is dominated by (respectively,
dominates) the corresponding first partial of the profit function in the centralized system
(which gives the first best solution). This, however, does not imply any dominance result for
the corresponding equilibria. We can make more precise statements if we assume that the

players are symmetric in terms of their cost and revenue parameters.

Proposition 3.4 Assume that the players face identical procurement costs, sell at identical

prices, and get identical salvage value for excess goods. We then have the following two cases:

1. Suppose, in addition, that transshipment costs are zero but demand densities are non-
identical. Then the total inventory in the centralized system (X“*) is above (respectively,

below) the total inventory under AR-e (respectively, AR-h); that is,

Xle* +X26>k S Xc* S X{z* +X£L*

2. Suppose, in addition, that transhipment costs are identical but strictly positive and de-
mands identically distributed, then the inventory vector in the centralized system is above
(respectively, below) the equilibrium inventory vector under AR-e (respectively, AR-h);
that is,

Xer < Xor < X+,

11
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That is, with AR-e (respectively, AR-h) the agents in a decentralized system under— (respec-
tively, over-) invest compared to a centralized system. This is to be expected. Observe that
under AR-h since all surplus profits goes to the player who satisfies demand, there is incentive
to have excess stock and hence the higher inventory level. Conversely, under AR-e all surplus
is given to the player with excess demand which creates an incentive to be the initiator of

demand by incurring shortages. This prompts lower inventory investment.

Are there allocation mechanisms that induce cooperative behavior (i.e., achieve the first

best solution)? Fortunately, the answer is yes. First define the following functions:

AI(XI,XQ) = (’I“l — V2 — tgl) /OXZ[FI(XI + X2 - dg) - Fl(Xl)]dFQ(dg)

X1

By (X1,X2) = (ro —v1 — ti2) ; Fy (X1 + Xo — dy)dFy(dv)

Xo

Ay(X1, Xo) = (11 —vg — to1) ; Fi (X1 + X2 — d2)dFy(d2)
By(X1, Xa) = (r2 — va — t12) /OXI [Fo(X1 + X — dy) — Fy(Xo)]dFy (dy).
Let A¢ = A;(X¢*, X5*) and Bf = B;(X{*, X5*). Now,
Theorem 3.2 Consider the following allocation rule, denoted by AR-(eh), using which

¢ allocate to player 2 a fraction € [0, 1] of the total surplus generated by transhipments

from player 2 to player 1 and the remaining (1 — ) to player 1.

e allocate to player 1 a fraction -, € [0, 1] of the total surplus generated by transhipments

from player 1 to player 2 and the remaining (1 — ) to player 2.

Then, there exists v; € [0, 1] and v, € [0,1] with
(B — A3)BY

’yl = C AC C AC (7)
B2A1 - BIAZ
Af — BY)AS

= e @
2471 1472

such that the equilibrium inventory decision in the decentralized system is first best (that is,
X(m)x = Xex) if and only if X < X" or X¢* > X",

The allocation rule AR-(eh) can also be interpreted as a transfer pricing mechanism. Suppose
the transfer price for exchange of goods between player ¢« and j is s;;. That is, if j obtains

goods from 4, it pays s;; per unit to <. Specifically, if £, > 0 and H, > 0, then player 1 receives

12
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goods from player 2. The marginal surplus generated is r, — vy — t31. Then, player 1 pays
s91 = v1(r1 — v — t21) to player 2 for each unit of good. Similarly, if £, > 0 and H; > 0, the

player 2 pays s12 = y2(r2 — v1 — t12) for each unit of good it obtains from player 1.

Observe that the necessary and sufficient conditions in Theorem 3.2 for first best involve
comparison of inventory decisions between a centralized system (X’C*) and the independent
newsvendor problem (X™). In general, it is unclear if X¢* is uniformly above or below X", It
is possible that X¢* > X7 but X§* < X7, for j # i.2 From Theorem 3.2 when this happens
the first best is not achievable with non-negative transfer of surplus. If we allow for negative
transfers, then the first best solution is achievable using the AR-(eh) policy. Negative trans-
fers (i.e., either v, or +, is negative) imply that one of players subsidizes the other. Suppose
v1 < 0. That is, not only does player 1 get all the surplus from any transhipment from player
2 to 1 but player 2 pays additional money to player 1. But this violates Proposition 3.1 and
player 2 will not participate in the exchange of stocks. The situation, however, can be fixed by

suitably modifying the allocation policy AR-(eh) using Theorem 2.1 as follows.
Observe that the allocation to each player under AR-(eh) is given by:

ageh) (X’ 5) = (]_ — ’)/1)(’[‘1 — U — t2’1) min{HQ, El} + (72)(T2 — U1 — tl,Z) min{H17 EQ} (9)

oMK, D) = (m1)(r1 — vy — o) min{Hy, By } + (1 — y2)(ro — vy — t1,0) min{Hy, B>}  (10)
Assume 7, is not constrained to be within [0,1]. Then AR-(eh) gives the first best solution but
some of the -, may be negative. To use Theorem 2.1 we need to define allocations based on the
dual prices for the first best inventory decision (X’C*). Let v1,10,d; and d5 be the dual prices
corresponding to the constraints (6b)— (6e) for the shipping decision with inventory vector as
X, Let o (X, D) be the allocation of surplus to player n» when the dual allocation policy is

used. Specifically,

o (X, D) = v H{ + 6, ES (11)

(X, D) = v HS + 6, E5 (12)

where H{ and Ef represent the excess stock and excess demand at player n for first best

inventories ()?C*).

2This happens for example when only one-way transshipment is possible; that is, player 1 (or 2) satisfies

demand for player 2 (or 1) but not vice versa.

13
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Now consider a new allocation rule AR-(ek) which gives allocations oz,(fh)()f, D) to player n

as follows:
ofM(X, D) = oleM (X, D) + [0 (X, D) — afeP (X, D)) (13)
By Theorem 2.1 AR-(eh) is in the core of SAG(D) or AGE when the inventory decision
is X*. Thus under the modified allocation rule AR-(eNh) we always achieve the first best in
the duopoly case. From (13) observe that the allocations under AR-(eh) and AR-(EB) differ by
a constant which depends on the first best solution X¢* and the demand realizations. These
constants can be interpreted as “side-payments”. Thus we conclude that for a duopoly model
there exists a transfer pricing scheme with a schedule of side-payments that gives the first

best solution.

We illustrate using an example.

Example 1 Consider a duopoly system with the following cost structure: 7, = 10, ¢, = 1.2,
v, = —1, ti2 = 1, and ¢y ; = 2; that is, transhipment costs are asymmetric. Each player faces
a demand which is uniformly distributed between [0,100]. The newsvendor solution Xnb —
(80,80). The first best solution X°* = (77, 62). Notice that X¢* < X"* and hence the conditions
of Theorem 3.2 are satisfied. Now consider the decentralized system. It can be shown that
v1 = 0.6711 and v, = 0.034 achieves the first best. The corresponding transfer prices are: s =
$0.34 and sy = $6.04.

Now consider the same duopoly model but with transhipment costs of , » = 1 and ¢5; = 3.
The first best solution is X* = (85,54). Thus while X&* > X7, X$* < X2 and the conditions
of Theorem 3.2 are not satisfied. Nevertheless, in the decentralized system, first best is achieved
whenever y; = 1.953 and v, = —0.03. As we can see this violates the constraints on ~ € [0, 1]
for i = 1,2 and hence is not in the core. The corresponding transfer prices are: s = - $0.3 and

s91 = $15.624. This is to be interpreted as follows:

e If player 1 supplies goods to player 2, then player 1 pays player 2 a unit price of $0.3 in
addition. Thus player 2's total marginal profit from satisfying residual demand using

goods from player 1 equals $10.3 ($10 per unit surplus plus $0.3 payment from player 1).

e If player 2 supplies goods to player 1, then player 1 pays player 2 a unit price of $7.624
and, in addition, player 2 keeps the marginal surplus of $8.0 generated from the ex-
change. Thus player 2's total marginal profit from satisfying residual demand using

goods from player 1 equals $15.624.

14
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Clearly, such a transfer pricing mechanism is not in the core. However, we can use ARk such
that the corresponding allocations given by (13) is in the core. To construct this, we need to
compute the dual prices used in (12). The excess stock and excess demand for each player are
given as:

H{ = max{85 — D;,0}; E{ = max{D; — 85,0}
HS = max{54 — D3,0}; E5=max{Dy — 54,0}

The exchange of goods between the players occur whenever one player has excess demand and
the other has excess stock. Based on the demand realizations, this gives rise to four scenarios

(denoted by R1,R2,R3, and R4) with the corresponding dual prices: The allocations to player 1

Scenario Event Dual Prices
vy | vo | 01 | d2
R1 O<H{<E;|10| -| -0
R2 O<ES<H{|O0|-]-1]10
R3 O<HS<Ef|-18]0]| -
R4 O<E{f<HS|-]10]|8]| -

Table 1: Dual Prices for t15 = 1 and t5; = 3.

under AR-eh for each of the regions are as follows:

R1) = —0.3H; + 10.3H¢

R2) = —0.3E, + 0.3E5
X,R3) = —7.624H, + 7.624HS

R4) = —7.624F; + 15.624E¢

Consider the compensation in R1. Earlier (under the simple transfer pricing rule), player 1
paid $0.3 per unit for supplying goods to player 2. Now under the modified rule, while player 1
pays $0.3 per unit to player 2 for each unit shipped, player 2 compensates player 1 an amount
proportional to player 1's realized demand, decreasing as player 1's realized demand increases.
The exact compensation is 10.3H{ = 10.3 x (85 — D) = 875 — 10.3D; . Other allocations can also
be interpreted analogously. Similarly, the allocations to player 2 under AReh for each of the

regions are as follows:

o™ (X, R1) = 10.3H, — 10.3H¢

15
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al™ (X, R2) = 10.3E, — 0.3E5
o™

al™ (X, R4) = 15.624E, — 15.624E¢

X,R3) = 15.624H, — 7.624H

—

The resulting NE is first best and these modified allocations are in core of SAG (D) whenever

the inventory vector is first best.

Alternately, if the players agree on AGE as the solution concept, then the modified allocation
mechanism can be interpreted as the original transfer prices plus a fixed fee from player 2 to
1. The fixed fee is given by the expected value of the second term on the right hand side of (13).
In the current example, this fixed transfer to player 1 is computed as the expected value of the

second term on the right hand sides of the modified allocations to player 1 given by:
Egr1[10.3H{] + Eg2[0.3ES] + Eg3[7.624HS] + ER4[15.624E7] = $29.5966

Thus, under AGE, a two-part tariff allocation rule achieves the first best.

Finally, we explore the issue of meta-core which is straightforward for a duopoly model.

Proposition 3.5 For a duopoly system, all Pareto optimal allocations that are in the core of
either SAG(D) or AGE are also in the meta—core defined by (4).

Thus any allocation rule that achieves the first best inventory solution and is in the core of
SAG(D) or AGE is in the meta-core. For example, AR-(eh) is in the meta-core and hence im-
plementable. Clearly, the meta-core is not unique since Corollary 4.2 of ABZ99 gives another

general mechanism to achieve first best.

4 Oligopoly Model with Claims

In the previous section on duopoly models, we demonstrated that transfer pricing mechanisms
(with or without side-payments) exist that give the first best inventory solution (Theorem 3.2).
In general, for oligopolies, this is unlikely to be true. However, if we make some assumptions
regarding the cost / revenue and / or demand parameters, we can derive some sharper results.
To this extent, we present two oligopoly models. The first one assumes symmetric players.
For this model, we study the strategic impact of the intuitive allocation policies (AR-h and

AR-e) introduced in the previous section. We illustrate that a suitable randomization of AR-h
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and AR-e gives the first best solution while a transfer pricing scheme does not. The second
oligopoly model we present is a single-warehouse multi-retailer system. This model is sim-
ilar to the one discussed by Gerchak and Gupta (1991), Robinson (1993), and Hartman and
Dror (1996). For the equivalent decentralized system, the pooled inventory is assumed to be
claimed. We present a marginal allocation rule which is intuitive in the sense that a player is
given a surplus which is a function of his marginal contribution to the coalition. We show that
the first best solution can be obtained under this allocation rule. For both models, we develop

conditions under which the respective allocation rules considered are in the meta-core.

Before we proceed with the analysis of these models, we need to revisit the solution con-
cepts to be used. Specifically, until now we have used SAG(D) as the solution concept for
the allocation game. Can we continue to use it or do we need to resort to AGE? Recall from
Proposition 3.1 that in a duopoly model any non-negative allocation of surplus is in the core
of SAG(ﬁ). This is not true, in general, for oligopoly models. Consider the allocation rules
AR-h and AR-e. Clearly, the allocations under these rules are non-negative but they may not
be in the core for SAG(D) in an oligopoly model. We illustrate this using a counter-example
for AR-h.

Example 2 Consider a symmetric system. That is, all cost parameters are identical. For
instance, let r, = 10 and v, = 5 Vn and t;,, = 1 Vi,n. Then the optimal shipping pattern is
irrelevant: Any shipment of excess supply to excess demand generates equal excess profits of
10 —5—1 =4 per unit. Consider an allocation system where the entire excess profit is allocated
to the retailer(s) with excess stocks (i.e., AR-h policy is used). Consider the case when H = 5,
H, =3, E3 =3 and E, = 1. Total excess profits generated is equal to 16. Based on the allocation
mechanism just described, & = (10, 6,0,0). However, the coalition {1, 3} can generate a surplus

of 12 by themselves thus contradicting the core constraints (1a).

—

Similarly, we can construct an example to illustrate that AR-e may not be in core of SAG(D).
Therefore, we use AGE as the solution concept for the allocation game for the oligopoly models

considered in this paper.

Finally, as in the duopoly model, we will assume here that (i) demands are independent
and (ii) all customers at retailer n will accept service out of location i if need be; that is,
Bin = 1foralli,n e {1,2}.

17
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4.1 Symmetric Players

We assume that all players (i) have identical cost structure with revenue equal to » and sal-
vage value equal to v, (ii) face demands drawn from independent and identical distributions.
Furthermore, we assume that the transshipment cost between any two locations is positive
but identical and denoted by ¢ > 0. We first present a general result regarding the existence of
a unique symmetric pure strategy NE. Unfortunately, while we conjecture that the conditions
will indeed be satisfied by the payoff functions under AR-h and AR-e, we are unable to show it
as yet. However, we show that a symmetric pure strategy NE exists. Furthermore, allocation
rules AR-h and AR-e are in the core of AGE at this equilirium. Finally, we will also show that
a suitable randomization between AR-h and AR-e gives the first best solution while a transfer

pricing scheme does not.

The following theorem establishes (i) existence of a symmetric pure strategy NE, and (ii)

sufficient conditions for uniqueness of a pure strategy NE for symmetric oligopolies.

—

Theorem 4.1 Let J;(X) be the twice-differentiable payoff function of player i in an oligopoly
with N players. Then there exists a symmetric pure strategy NE. Furthermore, if conditions
SO1 and SO2 below hold, then the symmetric equilibrium is also unique.
SO1:
*5(X)  9*5(X)
0X;2  0X;0X;

< (Or >)0 VXZ',X]'

S02:
92J;(X) 92.J;(X)

8X,-2 ( - )8)(182(‘7 < ( or >)0 VXi,Xj

Condition SO1 eliminates all non-symmetric equilibria while condition SO2 eliminates all
other symmetric equilibria. The sign of the inequalities in SO1 and SO2 need not be the
same. Observe that if the payoff function of player ¢ is concave in X; and it is sub-modular

then condition SO2 is trivially satisfied.

Now consider the allocation rules AR-h and AR-e. Recall that H; is the excess inventory
of player i after satisfying it's own demand and E; is the excess demand before any tranship-
ments. Define H = Y| H; and E = Y~ | E;. Clearly, the total transhipments, T = min{H, E}
and the total surplus generated is (r — v — ¢)T. Then, under AR-h, player i gets
Hi

o (X, D) = (r—v— 1)

T,
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and under AR-e it gets

of(X,D) = (r —v—t)—T.

| &

Unfortunately, we are unable to show if Conditions SO1 and SO2 are satisfied for AR-h
and AR-e. Therefore, we cannot claim uniqueness of NE. However, given the existence of a

symmetric pure strategy NE, we have the following result.

Proposition 4.1 For an oligopoly with symmetric players AR-h and AR-e are in the core of

AGE whenever X; = X; for all i, j € N and demands are Normally distributed.

Before we present our two main results for this subsection, we need to introduce some further
notation. Define H ; = 3>, ,; H;,and E_; = }_,; F;. Let H; and E; represent the first deriva-
tive of H; and E; respectively w.r.t. X;. Let Hf, H®;,

H;, H¢,, and H! evaluated at the first best solution (X*); similarly define E¢, E¢, and (E¢)'.

and (HY)' respectively be the values of

Then,

Proposition 4.2 The total inventory in the decentralized system under AR-h (respectively,

AR-e) is above (respectively, below) the total inventory in the first best solution.

We use a sample path approach for the proof. It follows by showing that for every sample
path the first partial of the payoff function of player i weakly dominates (respectively, dom-
inated by) the first partial of the centralized profit function with respect to X; under AR-h
(respectively, AR-e) for all ;.

In Proposition 4.2, observe that the symmetry of the equilibrium also implies that there
is component-wise dominance between equilibrium inventory positions in AR-h (or AR-e) and
the first best. Thus strategically players over-invest in inventory under AR-h and under-
invest under AR-e. Given this bahavior, it may then seem plausible that a suitable combina-

tion of these two rules should give the first best solution. This is indeed true.

Theorem 4.2 Assume that AR-h and AR-e are in the core of AGE. Then there exists a constant
v € [0,1] where

E¢) HCE®
Ene<pe (% - (Hf)’>

EeY HCE® HEY EeHE
Epc<pe (%f)zl - (Hf)'> —Epespe <(1()H7c)zl - (Ezc)'>

’y:
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such that an allocation policy that allocates based on AR-h with probability v and based on
AR-e with probability 1 — v achieves the first best solution. Furthermore, this policy is in the

meta-core if demands are normally distributed.
We make the following observations:

e The randomization between AR-h and AR-e is similar to the one used in Theorem 3.2
for the duopoly model. Unlike the case of duopoly where we had to impose conditions
on when the first best solution is achieved (see Theorem 3.2), symmetry in this oligopoly
model gives us the first best. Furthermore, unlike in the duopoly case, randomization for
this example does not uniformly have a transfer pricing interpretation. It does but only
under certain realizations of demand. For example, if total excess stock (H) is smaller
than the total excess demand (E), then all players with excess stock get a fixed marginal
price for each unit they tranship. Similarly, if total excess stock (H) is larger than the
total excess demand (E), then all players with excess demand get a fixed marginal price

for each unit they receive.

e Finally, observe that the Theorem only requires that AR-h and AR-e be in the core of
AGE but does not directly require that demands be Normally distributed. The Normal

distribution assumption is required only to show membership in the meta-core.

4.2 A Single Warehouse Multi-Retailer System

Consider a centralized system with a single central warehouse that satisfies demands of mul-
tiple retailers. Furthermore, assume that the transhipment cost between the central ware-
house and the retailers is zero. The procurement cost at the central warehouse is c and salvage
value of leftover goods is v. The revenues (r;) and the demand distributions that each retailer
faces are independent but non-identical. Now consider an equivalent decentralized system
with claims; that is, all inventory in the central warehouse is claimed. Assume all retailers

face identical procurement costs (¢ = c¢) and salvage values (v; = v).

Observe that there is no local inventory; that is X = 0. Since there is only one warehouse,
we drop the index for the warehouse in the relevant variables. So we write the claimed in-
ventories as ¥ = (Y1,...,Yy) and the transhipment from the central warehouse to retailer
n € N is denoted by ¢, with @ = (q1,...,qn). Let Wi(Y, D) be the value of the coalition S C N/

expressed as follows:
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Wi(Y,D) = mgx > [0 — v)an) (14a)
nes

subject to:

S <Y Y, (14b)

nes nes
0<¢g, <D, VnesS (14c)

Let W5(Y) = EsW4(Y, D). Define a marginal allocation rule as follows:

Incremental Contribution Rule (AR-ic) Rank order the N players according to their rev-

enues such that 1 < ry <--- <ry. Then player n is allocated a profit «,, given by
At (V) = W5,y (V) = WE, (V)
where S, = {1,...,n — 1}

Observer that AR-ic gives each player what it contributes to the coalition. Furthermore,

¢ > 0 since the function W is super-additive.

Proposition 4.3 Consider the single warehouse multiple retailer system with claims. Suppose
the retailers face identical procurement costs and salvage values and transhipments costs are
zero but sell at different prices and face independent, non-identical demands. If AR-ic is in the

core of AGE, then the inventory decision in the decentralized system is first best.

It is still unclear, however, if allocations resulting from AR-ic are in the core of AGE. If they
are, then AR-ic becomes a candidate for implementation. If not then we can use Theorem 2.1
to suitably modify AR-ic to belong to the core of AGE.

In general, it is very hard to show if a certain allocation mechanism is in the meta-core;
that is, satisfy the conditions (4). We can make more precise statements about membership

in the core of AGE and the meta-core under further assumptions.

Proposition 4.4 Consider the single warehouse multiple retailer system with claims. Sup-
pose the retailers face identical procurement costs and salvage values and transhipments costs
are zero. In addition, assume that the retailers face identical revenues and that the demand

distributions are Normal with identical standard deviations but non-identical means. Then
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allocations under AR-ic is in the core of AGE. Furthermore, AR-ic belongs to the meta-core
defined by (4).

In this model, our context of inventory is incidental. The same model can capture, for
example, a situation when there is a single factory serving multiple product managers each
responsible for a product line. In such settings the key decisions include allocation of capacity
to each product manager and investment in total capacity. One option is to have a plant
manager make these decisions. Alternately, using the concept of claims, we can allow each
product manager to report their own capacity choices which are then pooled together in a
single facility. Then Proposition 4.3 the allocation rule AR-ic (perhaps modified) ensures that

the total capacity investment will be first best.

5 Summary and Conclusion

In this paper we use the framework developed by Anupindi, Bassok, and Zemel (1999) to ana-
lyze a general duopoly model and several oligopoly models of distribution systems with search.
There are two distinctive features of the systems we study: the players (i) ex ante behave non-
cooperatively on the inventory deployment decision and (ii) ex post behave cooperatively in
the exchange of goods between locations to match excess stock with excess demand. Solution
concepts include the notion of core for the ex post decision and the notion of Nash Equilib-
rium for the ex ante decision. Common inventories in central warehouses are “claimed” by

each player.

For a duopoly model, we first develop sufficient conditions for the uniqueness of the Nash
Equilibrium. We then propose two intuitive allocation rules for the duopoly model without
claimed inventory. The first rule allocates all surplus to a retailer who satisfies the demand
while the second rule allocates it to the retailer who generates the demand. We show that
the Nash Equilibrium under these allocation mechanisms is unique. We then show that the
retailer respectively over- and under-invest in inventories under these allocation rules. We
then demonstrate that a suitable modification of these two rules gives the transfer pricing
mechanism. Subsequently, we derive necessary and sufficient conditions when a transfer

pricing mechanism results in the first best solution.

We then present two oligopoly models. For an oligopoly with symmetric players, we first

develop general conditions for the uniqueness of a symmetric Nash Equilibrium. We then
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show that the intuitive allocation rules used in the duopoly model belong to the core for the
allocation game in expectation. We also show that a randomization of these rules gives the
first best solution. Unlike in the duopoly setting, this modification, however, does not have a
transfer pricing interpretation. Using the concept of claims, we then study a single warehouse
multi-retailer system. We suggest an allocation rule which allocates surplus profit to a player
based on its incremental contribution to a coalition. We show that this rule gives the first best

solution.

There are several ways in which the work here can be extended. Clearly, it will be useful to
explore whether there exist “simple” mechanisms that give the first best solution in oligopoly
models other than those considered here. Like in Anupindi and Bassok (1999), it will be
interesting to consider the vertical interaction between a manufacturer and the retailers but
under retailer-driven search. Extending the general framework in Anupindi, Bassok, and
Zemel (1999) and its application to models considered in this paper to incorporate asymmetric

information is another area of future research.
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A Appendix

Proof of Proposition 3.3:

For the decentralized system, we first consider AR-h. Define
Then the profit function of player 1 under AR-h is written as:

X1 X1+X2—dy
th(XlaXQ) = —Cle + Ll(Xl) + (TQ — U1 — t1,2)/ / (dQ - XQ)dFQ(dQ)dFl(dl)
0 Xo

X1 o0
+(T‘2 — vV — tlyg)/ / (Xl — dl)dFZ(dg)dFl (dl) (15)
0 X1+X2—d;

Similarly, the expected payoff function of player 2 is:

X2 ,pX1+X2—d2
Jg(Xl,Xz) = —CQXQ + LZ(XZ) + (7'1 — Vg — t2,1)/ / (d1 — Xl)dFl(dl)sz(dg)
0 X1

Xo 00
(7’1 — Vg — t271)/0 /X Xaed (XQ — d2)dF1 (dl)dFQ(dQ) (16)

We write the first partials of profit functions for players 1 and 2 as follows:

oJMX ,X _ X1
%IZ) = —c1 + T’1F1(X1) + ’U1F1(X1) + (7’2 — U1 — t172) FQ(Xl + X5 — d1)dF1(d1)
0
and,
AP (X1, Xz) _ X
87)(2 = —C2 + TQFZ(XQ) + ’UZFZ(XQ) + (Tl — Vg — tg’l) Fl(Xl + X2 — dz)dFZ(dg)
0

It is straightforward to see that

oJrt _ aJh
(3 < (3 ) — .
oxX; — 8XZVZ 1,2

This implies that X < Xh*,

Now consider AR-e. The expected payoff function of player 1 is given by:

X2 X1+X2—d2
JE (X1, Xs) = —e1 X1+ Ly (X)) + (11— 03 — 1) / / (dy — X1)dF, (dy)dF» (dy)
0 X1

X o]
+(T‘1 — Vg — tzl)/o /X Xaed (X2 — dg)dFl (dl)dFQ(dz) (17)

and,
X1 pXi+Xo—di
JZE(Xl,XZ) = —CQXQ + LZ(XZ) + (7'2 — V1 — tlg)/ / (d2 — Xz)sz(dg)dFl(dl)
0

X2

X1 o]
+(7“2 — v — t12)/0 /X ud (Xl — dl)dFQ (dQ)dFl (d1) (18)
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Differentiating, we write

0Jf (X1, X2)

X2
X = —C +7“1F1(X1)+’U1F1(X1)—(7‘1 —1}2—t21)/ [Fl(Xl +X2—d1)—F1(X1)]dF2(d2)
1 0
and,

0Jf (X1, X>2)

X1
8X2 = —c+ T‘ZFQ(Xz) + UFQ(XZ) — (7'2 — vV — t12)/ [FQ(Xl + X2 — dl) — FQ(XQ)]dFl(dl)
0

It is straightforward to see that

oI dJe
> iy = 1,2,
9%, S ox, b
This implies that X7 > Xe*, |

Proof of Proposition 3.4:

Part(1): When transhipment costs are zero and the cost and revenue parameters are identical, the

centralized system keeps inventory at only one location. Denote this inventory by X°*. Then,

r—c

FC(XC*) —

r—o’

where F.(-) is the cumulative demand distribution. It is well known that X°* < X7* + X2*. From
Proposition 3.3, this implies that X** < X"* 4+ X!*  Now consider AR-e. Since X¢* is the Nash
Equilibrium under AR-e, we have

0T,
T R )

] x5
F (X0 By (X57) + / Fy(X{* + X§* — Dy)dFy(Ds)
0

which can be re—written as

F.(X) = F(X{")Fy(X57) + / R (XE 4 X5 Da)dFy(D)
— Pr{(Dy < X{*) A (D2 > X5%)} + Pr{(Ds < X§*) A (D1 + D2 < X{* + X2}
=Pr{D; + Dy < X{* + X5*} + Pr{(D1 < X{*) A (D3 > X5*) A (D1 + D2 > X;* + X5%)}
> Pr{D: + D> < X" + X357}
= Fo(X{" + X5%).

The result follows from the monotonicity of F.(-).

Part (ii): When all costs, revenue, and demand parameters are identical, the Nash equilibrium is
also symmetric. We need to first derive the first partials of the profit function in the centralized system.

We specialize the expressions (19)—(20) derived later for the more general case, to give:

0J(X1,X2)

X1 _
8X :—C+TF1(X1)—|—’UF1(X1)+(T—U—t)/ FQ(Xl —|—X2—d1)dF1(d1)
1 0

Xo
—(r—v—t)/o [F1 (X1 + Xo — d2) — F1(X1)]dF>(d)
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and,

0J(X1, X2)

X2
) o e rBy(X) + 0B (Xa) + (r— v = ) / Fo(X1 + Xo — do)dF>(db)
2 0

X1
—(T‘—’U—t)‘/0 [FQ(Xl +X2—d1)—F2(X2)]dF1(d1)

It is easy to see that
aJe  oJe o
i< < ZSiyp=1,2.
0X; — 0X; — aXiVZ ’

Symmetry of the Nash equilibrium implies that X¢* < X¢* < Xh=, |

Proof of Theorem 3.2:
First we develop the profit function for the centrally coordinated system. The expected profits of
the central system for stock levels X; and X, is:
J(X1,Xs) = —a1 X1 + m E[min{D;, X; }] + viE[max{X; — D;,0}]
+(ry — v1 — t12)E[max{0, min{Dy — X», X; — D1 }}]
—c2 X5 + roE[min{ Dy, Xo}] + voE[max{Xs — D5, 0}]

+(T’1 — Uy — t21)E[maX{0,min{D1 — Xl,XQ — DQ}}]

Differentiating with respect to X; and X, respectively, we obtain:

%};;XQ) =—c; +rF (X)) + 0 Fi (X)) + (re — vy — t12) 0X1 Fy (X, + Xy — dy)dF, (dy)
—(r1 = vy — ta1) /0 PR 1+ X — o) — F (X)) dBs (db) (19)
and,
%}gm = —cy + 1oy (Xo) + 0o Fo(Xo) + (rp — v2 — t21) 0X2 Fi (X1 + Xy — dy)dFy(dy)
—(ry— vy — t1s) /0 PR 1 X — dy) — Fy(Xa)]dF (d) 20)

Now consider the AR-(eh) policy. It implies that if E; > 0 and H, > 0, then a fraction v, € [0,1] of
the surplus profits go to player 2 and the remaining to player 1. If H; > 0 and E> > 0 then a fraction
2 € [0, 1] of the surplus profits go to player 1 and the remaining to player 2. Then,
T (X1, Xo) = —e1 X1 + rEmin{Dy, X1 }] + vi E[max{X; — D;,0}]
+’)/2(7“2 — V1 — t12)E[max{0, min{D2 — XQ, X1 — Dl}}]
—|—(]. — ’}/1)(7'1 — Vg — t21)E[maX{0, min{D1 — Xl, X2 — DZ}}]
and,

TS (X1, X3) = —e2 X + roE[min{Ds, X2}] + v2 E[max{Xs — Ds,0}]
+(1 — ’)/2)(7“2 — U1 — t12)E[max{O, min{D2 — XQ, X1 — Dl}}]
+’)/1 (7“1 — Vg — t21)E[max{0, min{D1 — Xl, X2 — DQ}}]
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Using the functions A4;(X;, X») and B;(X1, X»), we simplify to write

aJl(eh)
00X,

=—c1 +rF (X)) + v Fi(Xy) = (1 —7)A1(X1, X2) + 72 B1(X1, Xa)
=—c +rFi (X)) + v Fi (X)) — A1 (Xq, X)) + By (X1, Xo)
+y1 A1 (X1, Xa) — (1 —92) B1 (X1, Xo)]

_or + [m A (X1, X2) = (1 = 92)B1 (X1, X2)] (21)

09X,

Similarly, it can be shown that,

aIsm  age
X, 00X,

If we can find v, € [0,1] and - € [0, 1] such that the second term in the RHS of (21) and (22) evaluated
at (X{*, X5*) are zero, then it is clear that the Nash equilibrium solution of this AR-(eh) policy is the

+ [12B2(X1, X2) — (1 — 71)A2(X1, X2)] (22)

same as the centralized solution, component wise. Recall that A = A;(X{*, X$*) and Bf = B;(X{*, X$*)
for i = 1,2. So we need to find v; and ~, such that

1A = (1 —7)Bf =0
Y2Bs — (1 —71)A3 =0

Solving these simultaneous equations, we get that,
_ (BS — A5)BY
B$A§ — B AS
_ (AT - B)4;
BSAS — B AS
We still need to check if ; € [0, 1]. Using the definitions of 4;(X;, X») and B; (X1, X»), we rewrite,

"

V2

0J¢ (X1, X _

% =—c1 +mFi(Xh) + v Fi(Xh) + Bi(X1, Xo) — A1 (X4, Xo) (23)
1

0J (X1, X _

# = —C2 + 12 Fo(Xo) + va Fo(Xo) + A2(X1, Xo) — Bo(Xq, Xo) (24)

Observe that if there were no transhipments between the two players, each will play independently
as a newsvendor problem and the optimal inventory decisions, denoted by (X7**, X7*) will satisfy the
following:

r, —C;

Fi(XIh) = fori=1,2.

r, —v;
Comparing the independent newsvendor solution to the optimal centralized solution, we have the

following three cases to consider:
o X < X fori =1,2: Evaluating (23) at (X{*, X$*) we get that
0=—ci +r B (X{*) + o Fy (X(*) + Bf — AS
But from monotonicity of F;(-), we have
Ci

Fi(X8) < TG

ri — U;
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or,
—c1 + T1F1(X1C*) + o F1(X7") >0

which implies that Bf < A$. Similarly, it is seen that A5 < BS. Substituting these inequalities
into (7) and (8), we see that ; € [0, 1].

e X{* > XPPand X§* < X2 Proceeding as before, we derive that A < Bf and 4§ < BS. But this

implies that either v; < 0or v, < 0.

e X{* < X and X§* > X7 Proceeding as before, we derive that A > B{ and A5 > BS. But this
implies that either v, < 0 or v, < 0.

o X > X for i = 1,2: Proceeding as before it can be shown that Bf > A§ and A5 > BS. This
implies that ; € [0,1].

e X" = X! for at least one i: Without loss of generality assume that X{* = X7**. Then A = B¢
which implies that 45 = 0 and v; = 1. If both X¢* = X then any ~v;,v. € [0,1] such that
v1 + 72 = 1 will lead to the first best solution.

Therefore, we can achieve the centralized solution using the AR-(eh) policy if only if X¢* < X7 or
X+ > X fori = 1,2. i

Proof of Theorem 4.1: We will first show existence of a pure strategy NE. Define
0Ji(h,..., h)
h)y=—""""~+,
9() aX,

Notice that ¢(0) > 0 and g(h) < 0 for suficiently large h. From the continuity of g(-) there exists an h*
such that g(h*) = 0; that is 222=+") = . From the symmetry of players, we get that 2205t —

for every i. Hence (h*,...,h*) is a pure strategy symmtric NE.

We now prove uniqueness by contradiction. We first eliminate the existence of non-symmetric
equilibria. Suppose there are two non-identical equilibria. Let X* be a Nash equilbrium such that
X7 < X5 (without loss of generality). Due of the symmetry we get that W = (X3, X5,...,X}%) is also
a NE; observe that I7* is obtained by swapping X; with X;. We know that

on(X))  _ 04(X)

= =0.
6X1 X= 6X1 W

Let
8J1(X1 + h, X —h,X;,...,X;{,)
h) = .
g(h) X,

Notice that ¢g(0) = g(X3 — X7) = 0. Suppose that condition SO1 holds. This implies that

_PnX) 92n(X)

_ 0.
X,  0X.0X,

g'(h)

This implies g(+) is an increasing function and hence ¢(0) # g(X5 — X7). This gives a contradiction.
Similarly, we will get a contradiction if g(-) is a decreasing function. Thus if condition SO1 is satisfied

there is no non-symmetrical equilibrium.
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Now, suppose there are two symmetric equilbria. Let X* be a Nash equilbrium and X; = k for

every i. Let IV* be another symmetric NE. with W = m > k. Clearly 8‘(.{,1)(()?) L= 8‘(.{,1)(()?) . =0. Let
1 X* 1 W *
g(h) = 2Alethkdh kit h) - Notice that g(0) = g(m — k) = 0. Now suppose condition SO2 is satisfied.

Then

gmw:6Lw+h,”$+hj+§ith+hwwk+m
j=2

aX, 9X,;0X,

0?Ji(k+h,....,k+h)

9X,0X, >0

= Ji(k+h,... . k+h)X +(N—1)

Thus, ¢(-) is an increasing function and hence ¢(0) < g(m — k). This leads to a contradiction that
g(m — k) = 0. Similarly, we will get a contradiction if g(-) is a decreasing function. Thus if condition
SO2 is satisfied there is a unique symetric equilibrium. |

Proof of Proposition 4.1:

Consider AR-h. The expected profit of player i is:
E{%[(r —v—1)T]}.

Using the fact that the base stocks and demand distributions are identical we get that the expected
profit of the players are identical. Thus, the expected additional profit of each of the player is:

1
B~ v = 0)T]} = 6 (sa)

To show that AR-h is in the core of AGE we need to show that for every sub-coalition S, Vs < |S|3,
where |S| is the number of players in the sub-coalition S. The value of Vs can be written in the following

way:

S| S|

Vs =E{[(r—v—t) min{z H;, ZEz}]}

Thus we need to show that for every sub-coalition S we get

S| S|

Vs =E{[(r—v—t) miﬂ{z Hz,ZEz}]}

5] 1S
WE{[(T‘ —v—t) min{z H;, ZHz}]}

<

Alternately, we need to show that,
E{[(r —v — ) min{3"%) H;, 3% Ei}]}
S|

E{[(r —v—-tmin{>) H, YN, E}]}
N

<
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We will now prove that the above inequality always holds when demands are Normally distributed.
Let X be the inventory level of a player. Then for each player we can easily calculate the expected
excess stock after satisfying own demand as fd)iO(X — d)dF(d). Clearly the sum of the expected excess
stock in the system before any transhipments is: Nfd)iO(X —d)dF(d).

We can also calculate the expected inventory in the system after all transhipmens when each
player has initially X units of inventory. This is given by fdgf(NX —d)dFy n(d). The expected number
of transhipments, E(T), is:

X NX
E(T)=N (X —d)dF(d) — / (NX — d)dF; n(d),
d=0 d=0
where Fy n(-) is the cumulative density function of the sum of demands D; + --- + Dy. Thus the total
surplus profit generated through transhipments is equal to (r — v — ¢t)E(T"). We will calculate the value
of E(T) as a function of the number of the players. Suppose demands are normally distributed as

N(u, o). Itis then easily shown that

X _
/d (X — d)dF(d) = (X~ )&(X) +o6(>— L)

=0
Let X = u + ko. Substituting, we get
X
N (X —d)dF(d) = N(ka®(k) + op(k)).
d=0

Similarly,

/NX(NX — d)dFy n(d) = VN (ko® (k) + op(k)).
d

=0
We then have,

E(T) = (N - V) (ko®(k) + o6()) (25)

Clearly for every S we get,

(N VR bolE) 200D _ (1 - ) how(h) + o0(h)
1
This proves that AR-h is in the core. The proof for AR—e is analogous. |

h c e c
Proof of Proposition 4.2 We will first show that gi(i- > gfgj and g)']g, < g)Jg, for i = 1,2 (to show this

we use a sample path approach). Since the Nash equilibrium is symmetric, this implies that Xh > Xe
and X° < Xe.

Recall that H; = max{X; — D;,0}. Denoting I; = X; — D;, we can write H; = max{[;,0} and
E; = —min{I;,0}. The derivative of I; w.r.t. to X;, denoted by I/ = 1. Let 1{£} be the indicator function
which takes the value 1 whenever event € is true and 0 otherwise. Then clearly H! = 1{I; > 0}(I;)' > 0.
Similarly, E} = —1{I; < 0}I] < 0.
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In the centralized system, the total profit function for any sample path can be written as:
“(X,D) = ZDP + (r—v—1t)T.

The total expected profit in the centralized system is then J¢(X) = EU(X).

We now derive the first partials of the centralized profit function based on sample paths. We have:

@_appiﬂ_ _t)aT
ox,  ox, VTV Ysx,

We need to consider two cases:

e H < E: ThisimpliesT = H = H; + H_;. Then,

oT
= H! > 0. 26
(9XZ b= 0 ( )
e H > E: ThisimpliesT = E = E; + E_;. Then,
oT ,
— = F <0.
e E; <0 (27)

Now consider AR-h which asserts the player i will get £

7+ of the total profit. The total profit is
(r —v —¢)T. Thus the expected profit of player i is: E{f}; [(r —v —t)T]}. That is, the expected indirect
profit of player i is

E[IPM"X)] = (r—v— t)E{%T}.

We need to an expression for M Let us proceed on a sample path basis. First, Then,

OIP! ) H;
8X = (T — vV — t) 8X [ﬁ mlH{H + Hfz,E}:I

Consider a sample path H < E. Then,

dIPk ) H; ,
oy e —(r—p— s
e =(r—v t)aX [H THo (H; + H_ )] (r—v—t)H; >0

BIP

=(r—v-— t) X,
Now suppose H > E. Then,

dIP! ) H;
=r—v—t)—[——-—(E

ox, — vty [Hi T J

H'E H,E' H;EH!
— —v—t i i _ 7 i
(r—v )[H T H, TH+H, (Hi+H.)?
—( 9 H! (FH;+EH_; - EH,)
-\ H;+H ; H;+H ;
H'EH_;

= (7" — v — ?1')1/-1_71,72Z Z 0

31



August 5, 1999 Study of Decentralized Distribution Systems: Part 11

The third step follows from the fact that H;E' = H;E] = —H;1{I; < 0}I} = 0. Again, comparing
BIP (r — 91PZ

v — t) . Furthermore, for each sample path %~ > 0. This implies

Now consider AR-e which asserts the player i will get % of the total profit (r — v — ¢)T'. Therefore,
the expected profit of player i is: E{%[(r — v —t)T]. That is, the indirect profit of player i is

E[IPf(X)]=(r—v— t)E{%T}.

Suppose H < E. Then,
IPf(X)=(r—v— t)%H.

Taking derivative w.r.t. X;, we get,

aIPe EHE_
e (r—v—t) 7
<(r—-v- t)a—T
0X;

On the other hand, if H > E, then

Taking derivative w.r.t. X;, we get,

orpe , or
e —(r—v—t)Ei—(r—v—t)aXi.

BIP (’f' < 8JC

: 8X < . Hence the result

v — t) - for each sample path and hence

follows.

Proof of Theorem 4.2: Consider an allocation that chooses AR—h with probability v € [0,1] and AR-e
with probability 1 — ~. Denote this policy as AR—(e+h). Then the expected allocation of surplus to
player i under this scheme is:

E[IPT(X) = (r—v—t)E {W%T +(1— 7)ET}

H; E; E;
— (=0 = OBuss |15 + (1= | T+ Buse [y + 1= 5| T
H; E; E;
=(r—v—1t)Ep<p {7ﬁ+(1— )E}H+EH>E {7 (1—7)E]E
Taking derivative w.r.t. X;, we get
OE[I P (X)) ) H; E;
6—)(2» (T—U—t)EH<EaX {|:’Yﬁ+(1—’)/)f:| H}
+(r—v— )EH>E8X { [Wﬁ +(1 —V)E} E}

=(r—v—t) [EHSE[H{] + (1 —=v)En<k (% - H:) ]

H!EH_;
+(T’—U—t)|:EH>E[E£]+’)//H E<ZT_E£>:|
>
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=(r—v—1t)E {g)ﬂ +(r—v—t)[(1—7)EHSE <%_HI>

H!EH_;
+YEn>E (T - Ei) ]

If we choose ~ such that the second term above evaluated at X ¢ is equal to zero, we will have that
OE[IPSH" (X)) T
i M (v —tE
e (r=v=-0B |55,
and we will achieve the centralized solution. That is,
(E) HCE®, . (Hf) E°HC, .
(=B (LT () ) B (= (7Y )] =0

where Hf and Ef represent the excess stock and excess demand of player ¢ when the inventory decision

is X°*. Simplifying, we get

Brrecpe (= — (7))
B2 HE" He) B
Epe<pe ((()Ei)z_ - (Hf)') —Epgespe ((()Hic)z_ - (Ef)')

Recall that E; < 0 and H] > 0, which implies the numerator and denominator in v are non—positive

’y:

and hence v > 0. Furthermore, the absolute value of the denominator is larger than the absolute value
of the numerator in v and hence v < 1.

Now we need to show that this randomized policy is in the meta—core. Recall that the Nash equi-
librium is symmetric. If the demands are Normally distributed, the inventory decision of each player
in the grand coalition can be represented as X = p+ kyo. Using (25), the allocation to each player can

be written as
(N = VN)(kno®(kn) + o (kn))
N .
Now consider any sub-coalition S. The randomized policy applied to this sub-coalition will give the

same solution as if a single decision maker optimized inventory for all players in the sub-coalition. Let
the inventory decision of each player in this sub-coalition be X = p + kgo. Clearly ks < ky. Then we
have the following:

> (1- L)(kNaé(kN) + oo(kn))

> (1 - —=)(kso®(ks) + o¢(ks)).

VISI

Proof of Proposition 4.3:

Since there is single warehouse with claimed inventory, we let Y,, denote claimed inventory of
retailer n. For expositional clarity, we will write Wg = W*(Y1,...,Y; ). The payoff function of player
n is then

JEW) = WH(Y1,...,Ya) = W*(Y1,..., Yar1),
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This implies that

¢ the decision of retailer n is independent of the decisions, Y, +1,...,Yn, of playersn + 1, ..., N.

e player n needs to optimize only W*(Y7,...,Y,).

We now prove that the inventory in the centrally coordinated system is equal to the sum of inventories
in the decentralized system with AR-ic. We begin by writing the profit function for the centralized
system. Recall that all stock in the centralized system will be held at a single location. Let this
stock be denoted by Y. Furthermore, define cumulative demands D; ; = D; + --- + D, for j > i with
cumulative density function as F; ;(-). Observe that in the centralized system demands will be satisfied

in the order of highest revenue first. The expected profit function in the centralized system is then:
J(Y) = —cY + ryE[min{Dy,Y}]
+ -+ rEmin{D;, max{Y — D;11,n,0}}]
+ -+ E[min{D;,max{Y — Dy n,0}}]
+vE[max{Y — D; y,0}]

Taking the derivative with respect to Y we get:

Y

=——c+rn(l—FnY)+ - +r / (1-Fy(Y = Diy1,n)dFi41 N (Diy1,N)
Diy1,8n=0

oJ°
oYy
Y

+"'+’f’1/ (I—Fl(Y—D27N)dF27N(D27N)+’UF17N(Y).

D2 n=0

Equating it to zero, we get the optimal inventory in the centralized system as Y°.

To derive the expression for the first partial of the payoff function of player n, first notice that
wW*(Y1,---,Yn) = J(Y), whereY = zﬁzl Y,.. Now, consider player N. Recall

JE(Y)  OW*(Y1,---,YNn) _ J(Y)

oYy YN - OV
Thus, it is optimal to choose Yy such that ij:l Y, =Y°. Itis always possible to choose such an Yx > 0
since it is clear that Efj:_ll Yier < Ye, where Y,i“* is the optimal inventory choice of player n under
AR-ic. i

Proof of Proposition 4.4:

First we show that AR-ic is in the core of AGE. It can be shown that the allocation to player n,
an =rin + (V= V/(n = 1))o{rk — (r — v)[(k®(k) + ¢(k)]}

where ® and ¢ are the normal standard CDF and PDF, and k satisfies: ®(k) = Z=¢.

We need to show that for every coalition S we have ;s a; > Wg. The value of the coalition S is:

W5 = I51"%0{rk — (r —v)(k@(k) + $(k)} +7 ) pj,

JjES
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where |S] is the number of players in the coalition S.

Thus,
doaj=ry i+ Y (Vi— VG = D)ofrk = (=) (k2 (k) + (k).
JjES JES JES

To prove 3, s a; > Wg, it is sufficient to show that

Y (Vi= V= D)olrk — (r —v)(k®(k) + ¢(k)} > [S|*®o{rk — (r — v)(k®(k) + ¢(k))}.
=
Since the expression rk — (r — v)(k®(k) + ¢(k)) < 0 (this can be easily proved from the definition of
k and the fact that ¢(-) is always positive) it is sufficient to prove that

Y WVi-VG-1) <18

JjES

Observe that /5 — 1/(j — 1) is decreasing in j. Thus, it is sufficient to prove that

S|

Y (WVi=VG-1) <Is.

j=1
But le‘i‘l(\/_' — /(5 — 1)) = |8/ which completes the proof that AR—ic is in the core of AGE.

Now we show that AR—ic is in the meta-core. We need to show that for every S and every allocation
policy AR-8, 3 ;csaj > W5*, the value of the coalition S under AR-3. Clearly W5* is maximized
whenever AR-3 achieves the centralized solution for S. But, it is straightforward to see that the
marginal solution applied to the coalition S achieves the centralized solution. Let the allocation policy
AR—ic be the marginal allocation policy applied to the grand coalition, and the allocation policy AR-ic
be the marginal allocation policy applied to the coalition S. We need to prove that Ejes aj > W§C =
> jes @j. Itis sufficient to show that a; > @; Vj € S. Let the players in S be ordered in increased
order of revenues; that is, r;, <r;, <--- < ;. Let S;, be the set of all players k£ # i, in the grand
coalition such that r, < r;, . Clearly,

Q= éilU{il} — Wéfl Z W{lfl} = W{ZZCI} = &il'

Similarly,
L ic R ic _ £ _ Wi
Qiy = Wsizu{lZ} Wsiz WSizu{il}U{iz} Ws,-zuil’

where S;, = S;,\{i1}.

Notice that,

02 =Wg it ~ Vs,ui

= (155] +2)° %0 {rk — (r — ) (kB(k) + $(k))} + 7 > p

ieé\izu{il}u{iz}
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—{(1Su] + VPo{rk — (r — 0)(k®(k) + $(k))} +7 Y p}
€81, Ufi }
= {(1S5] +2)°® = (1S5, | + 1)**}o{rk — (r — v)(k®(k) + ¢(k))} + ru
> (2°° — Vo{rk — (r — v)(k®(k) + ¢(k))} +rp

:a2

Proceeding to generalize for the & player in S, we write:

Ak = Wéfku{il}u---u{ik} - Wéfku{il}u---u{ik,l}
= (1S5, + K)*Po{rk — (r — v)(k®(k) + (k))} + 7 > I
i€55, Ui YU U{ik }
—(18i +k = 1)%a{rk — (r — v)(k®(k) + ¢(k))} +r > "

ieé\ikU{h}U---U{ik—l}
> (K — (k= 1)) o{rk — (r — v)(k®(k) + ¢(k))} + rp

= Q-
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