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Addendum to

Coordination and Flexibility in Supply Contracts with Options

B Notation

ci
Ce
Co
crL
Cr
~y
XL

unit wholesale price for firm orders to be delivered in period .

unit exercise price.

unit option price.

unit labor cost of production.

unit cost of raw material.

additional unit labor cost of production in the expedited mode.

production quantity of the supplier in the cheaper mode of production;
that is at labor cost of ¢y, per unit.

unit salvage value of raw material for the supplier.

unit salvage value of finished goods for the supplier.

unit period one holding cost for finished goods at the supplier.

order quantity to be delivered at the beginning of

period ¢, ¢ € {1,2} at a wholesale price of ¢;.

number of options purchased at the beginning of

period one at a unit price of c,.

number of options exercised at the beginning of period two at a price of c..
unit selling price of finished good to the consumer.

unit holding cost of the buyer in period i € {1, 2}.

unit shortage penalty cost incurred by the buyer in period i € {1,2}.

unit salvage value of finished goods for the buyer.

effective salvage value of finished goods for the buyer; equal to 6? — hb.
demand in period i € {1,2} assumed to be normally distributed.

mean of D;.

standard deviation of D;.

correlation coefficient of D; and Ds.

conditional distribution function of D;.

conditional density function of D;.

distribution function of standard normal.

price the supplier gives the buyer for goods returned at the end of the season.
cost the supplier pays to ship goods back from the buyer at the end of the season.
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C Expressions for the Remaining Profit Functions

» Profit function of the system in CS, v§ < v} and v; + ¢, (1 +7) < v
Hes(XT, X7, X3) = J7(XT) + J1 (X1) + J5(X5),

where X{ = X§, Jf(XY) is as in (11) and
X3
JE(XE) = (pa 47— ¢ — e — h)XS — (p2 + 1 — vh) / (X5 — d12)dFp, 1y (di2) (14)
0

e Profit function of the system in CS, v} > v? and v; +cr(1+7) < v
Hes(XT, X7, X3) = Ji(X7) + J5(X3),
where X§ = X§ and

X7
JE(X5) = —pogta — (1 + pa) — (o1 + BY) / (X{ — dy)dFp, (dy)
0

oo

o+ b= o HIOXT + (=)

ﬂ(
—(p2 + 1 —v}) [/0

61 +ndy — X7)dFp, (dy)

c_gc
X1-%

Xei—dy
/ (X{ —di — d2)dFp,|q, (d2)dFp, (d1)
0

o0 85+ (n—1)dy
+ / / (65 + (7 — 1)dy — do)dFp, 4, (do)dFp, (dh) |, (15)
1 1 0
J5(X3) = (vf —cr —cp — h°) X5 — (p2 + 1 —vf) /Xg,gi (61 +ndy — X3)dFp, (dy)
00 X5—d:
—(p2 + 1 —0}) VX”C / (X§ —dy — d2)dFp,y4, (d2)dFp, (dy)
3 1 0
0 55+ (n—1)ds
— /Xc,gc / ((5; + (77 — ].)d1 — dz)dFDQ‘dl (dg)dFDl (dl) . (16)
3 1 0

« Profit function of the system in CS, v§ > v} and v§ + ¢z (1 +7) > v§:
Heos(XT, X7, X3) = JI(X]) + JL(XT) + J5(X5),

where J{(XY) is as in (15), J§(X%) is as in (13), and

o0

T5XE) = (0 = vt = e = B)XE = (pa k7 =) [,

c _ge
L'sl

(07 +ndy — X7)dFp, (dv)

oo

(a4 —cn(l47) =) / (6% + ndy — X§)dFp, (dy)

c_gsc
L62

X

2755 X£7d1
—(p2+1 —v}) [/XC_SC / (X[ —di — d2)dFp, 4, (d2)dFp, (d1)
L 1 0
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0 8¢+ (n—1)d1
o [ (85 + (1 = 1)y — d)dF pyja, (do)dFp, (d)
L17 1 0
00 d5+(n—1)d1
o [ (85 + (0~ 1)dy — dy)dF 14, (do)dF, (d) )
L17 2 0
D Proofs
Derivation of (7)
Let us begin by simplifying (6). Collecting terms and taking expectations gives
(@1, Q2, M) = Ep, [rDy —r(Dy — Q1) — oM — c1Q1 — 2Q2 — h(Q1 — di)* —pi(dy — Q1)*
+Ep, [IT5(m*|dy)]]
Q1
= —coM —c1Q1 — c2Q> — (B +p1)/ (Q1 —di)dFp,(di) —p1(p1 — Q1)
0
+Ep, [IT5(m*|dy) + 7Dy — r(Dy — Q1)*]. (18)

Expanding out Ep, [ (m*|d1) + rDy —r(Dy — Q1)7"], we get

Ep, [ (m*|d,) + Dy —r(Dy — Q1)*]

/°° [(7“ —ce)m” —pa (2 — (n — Vw1 +nD1 — Q1 — Q2 —m™) +1(Q1 + Q2)
0

Q1+Q2—d1+m™
—(p2 +r —0}) / (Q1 + Q2 +m" —dy — d2)dFp,)q,(d2) | dFp, (d1)
0

(p2 +1 —ce) /°° m*dFp, (d1) — p2 (p1 + p2 — Q1 — Q2) +r(Q1 + Q2)
0

Q1+@o-52
n
—(p2+7r— vjl) /
0

Q1 +Qa+M—5d
n

Q1+Q2—d1
/ (@ + Q2 — dy — ds)dFpyya, (d2)dFp, (d)
0
(SdJr(T]*l)dl

d
Q1+C7?72—6d . (5 + (77 - 1)d1 - d2)dFD2\d1 (dQ)dFDl (dl)

00 Q1+Q2+M—dy
+ /Q1+Q2+M_5d /0 (@1 + Q2+ M —di —do)dFp,|a, (d2)dFp, (d1)

(19)
Substituting, (X, X2, X3) = (Q1, Q1 + Q2, Q1 + Q> + M), we rewrite I1°(Q,Q», M) as
X1
T 4 (X1, Xa, Xs) = —coXs + (r — (5 — )Xo — (¢ — ¢1) X1 — (2 +p1)/ (X1 — dy)dFp, (dy)
0
—p1(p — X1) + Ep, [I} (6" + Dy — X2)* — (6 + nDy — X3) )]
+7“E’D1 [(5d + ’I7D1 — X2)+ — (6d + 77D1 — X3)+ — (X2 + m* — D1)+] (20)
where

Ep, [5((6 + D1 — X2)* — (6 + D1 — X3)) +rm* — (X2 +m* — D1)7]
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oo

= —p2(u1+u2—X2)+(p2+r—ce)/

Xy —5d

(5d + 77d1 — XQ)dFDl (d1)

- (p2 +r— Ce) /Xs—sd (6d + 77d1 - X3)dFD1 (dl)
X534

o Xo—d;
_(p2 +r— ’U?) / / (X2 —dy — dz)dFD2|d1 (dg)dFDl (dl)
0 0

X3—5d d
== 6%+ (n—1)ds

—2tr—vp) [, ; (6% + (n = 1)di — da)dFp, |4, (do)dFp, (d1)
00 Xz—d1
—(p2 + 1 —0}) /X L / (X5 —di — d2)dFp, 4, (d2)dFp, (di). (21)
=——Jo

Finally, collecting terms and restating, we get our result.

i
Proof of concavity of I1%,4(X;, X2, X3): We begin by taking the first partials of .J;(X1), J2(X2), and
J3(X3) (given in Appendix A) with respect to X, X, and X;.
01 (X
1) —(h} +p1)Fp, (X1) +p1 + 2 —
0X,
0J>(X o
82;22) =pat+r—(ca—co) — (P2 +7 —ce) /Xzi&d dFp, (dy)

n
Xo—69

o Xo—dy
—(p2 +r—v§’e)/ / dFp,)4,(d2)dFp, (d1)
0 0

Xo—8%
po + 1 — vb Xz—=% X, — 44 X, — 64
+7f (/ <X2 _ 22 — d2> dFD |x2—5d (dz)f[)l ( 2 >
n 0 n 27 n

6d+(nfl)X275d X, — 41 Xp — ¢
n 2 — 2
- /0 <6d L A d2> AE p, xazet () Iy ( n )
X, — 6
:co+ce_02+(p2+r_ce)FD1< 277 >
Xo—08¢
—(p2+r—v$’c)/ Fp,ja, (X2 — di)dFp, (dv)
0
0J5(X3) B o
) et - [, Ao (@)
xg—34
p2+r— Uy

b pot(n—1)332 Xa — 54 X3 — ¢
d 3 :
; /0 (6 + (77 — 1) 7 - d2> dFD2‘X3;5d (dQ)fDl ( n >
+r—ob pXs= T X3 — o X3 — o
_'_1)27)0/ <X3 _ 3 — d2> dF Xxz3—5d (d2).fD1 ( - >
1 o n Dy |=35— n
00 Xz—d1
et =) [ [ P ()P, (@)

X5 — ¢
=pz+r—co—ce—(pz+r—ce)FD1< 377 >

o0

—(p2 +r— U;) /Xs_.sd FD2|d1 (X3 - dl)dFDl (dl)
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The function 1% ¢ will be strictly concave if the Hessian matrix of —.J;(X1) — J2(X2) — J3(X3) is
positive definite. Due to the earlier transformations, all cross-partials will be zero. We need only to
calculate the three second partials. For the derivations listed below, the following identity is needed.

Xp—6¢ oo [ Xo—6¢
X, — o1 Xy — 22500y — p22 (Xan —yy
F, xp (xz— 2 ):q>< 7 (5 )) —B(k)  (22)
n n

Do Uzﬂ

Using this the second partials can be calculated as follows:

0211 (X1)
817121 = —(p1 + 1Y) fp, (X1) (23)
P I(X2) 1 Xy — o
T(%:;(Pzﬂw“—ce)fm < >
1 Xo — 44 Xy — ¢
Lo r i (355) 5, s (- 252
Xo—69
_(pg—l-r—’ljfz)/ ! fD2|d1(X2 _dl)dFDl(dl)
0
Xo—8%
=—(p2+r- U?)/ fDsja, (X2 —dy)dFp, (d1) (24)
0
02 J3(X3) 1 X3 — 6
Toxz —E(pz +r—ce)fp, ( " >
1 b X3 — &4 X3 — 0
X3
—(p2+1 =0} /XB_Sd Iy, (X3 — di)dFp, (dy)
Xa
=+ =) [ Foujan (X~ d)dFp, (d) (25)
Clearly, all of the second partials are negative, and the result follows. |

Proof of Proposition 1: In writing the expression for I1},4(-) we have implicitly assumed that the
supplier will never produce more than what the buyer asks for using the expensive mode of production.
This is certainly true whenever v} < v} +cr(1+7). Alternately, if v > v] +cr(1+7) then the supplier is
motivated to turn all raw material to finished goods. However, if this is the case then the supplier will
simply set X; = X3 and will never produce anything using the more expensive mode of production.
Both of these cases are captured in the profit function. Therefore, to find the optimal production level,
we need to differentiate 11%,¢ with respect to X and equate this to zero.

OIT3 o s 5 (yf o X — 8
e = v e = (v = v —er(1- ) (1—FD1 (T))
Xp — od
:cL'y—hs—l-(v;—vf;_CL(l—'Y))FDl(LT>
Plps 1. X =
X = (v} —vf —er(1—7)) fo, (T)
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Notice that the second partial will be negative for v} — v — (1 —v) < 0 and positive else. Hence,

Fp Xp o) _ cLy = b* = ®(k,)
! n v +er(l—7) — v} ¢

solongas v < wvi+ecr(1—7y). Otherwise, k, = oo implying X7 = X3. Hence, X} = max(X,, min(Xs, X})).

Proof of Lemma 1: We will show this for the most general case, which corresponds to the fourth
condition of the lemma. The proof for other cases are quite similar and are hence omitted. Consider
when v§ > vj’c and v + e (1 +7) > vi. In this case, the expected profit function for the last period
corresponds to (8a) and (8b) which can be simplified as

5 (me, I5) = (p2 — v})XT + (v} —v) X[ + v, X5 + (P2 + 1 — v})me — pa(ip,)a, + di)
+r(X] —d)" + (vf — v — e (1 4+ 7)) (X +me — X7)T

Xi+me
_(p2+7'_U?0)/ (X16+mc_d1_d2)dFD2|d1(d2)'
0

Let 1, equal one if z is true and zero else. Taking partials with respect to m., we get

oIIs (me, IS)
ome

0?11 (m, IS
% = —(p2 + 7 = 0}) Do, (XT +me — di)
(&

=p2+7r—vi+ @;—v] —cp(1+7)Im>xg—xs — (P2 + 7 — v?«)FDZ‘dl (X{+me—dr)

Hence, it is easy to see that IIS(m.., IS) is concave and hence has a maximum where the first partial is
equated to zero. That is,

p2+r—vi+ (v} —vf —cp(14 7))1mc>X;—Xi
p2 1 — b '

FD2|d1(ch +me — dl) =

This implies that the optimal value of m. depends on how much was produced ahead of time, as
well as the initial demand. Define k;,. as follows.

+r — v — U~ 1
P2 f and @(kc ) p2+r ’U CL( +’7)’

p2 +r—v} p2 +r—vh

Bk, ) =

Hence, k;, corresponds to the optimal m. should that value not exceed X7 — X{. That is, m; =
dy +MD2|d1 X{+0py)a, b, = ndi +67 — X{ should this not exceed X, — X;. This will happen whenever

dy < XLn . Since the buyer cannot send units back, however, should Fp, 4, (X{ — d;) < zi: Zf (that
isifd, < X%

), then m? = 0.

XL 2

In a similar fashion, whenever d,; > ythenm? = di + ppyja, — XT +0pyja by, = ndi +065 —

However, as the buyer cannot acquire more total units than X ¢ from the supplier, if Fp, 4, (X5 — d1) >

+r—v 1+ X i
% (that is if d, > Xi=°2), then m} = X§ — X{.

X555 Xg

Therefore, only demands such that < d < T"Sz are unaccounted for. Such a demand

outcome implies that Fp, 4, (X§ —di) > 221: zf but Fp, 4, (X§ —di) < %W' Hence, we set

m; equal to the boundary value, X{ — X¥.

Vi
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Putting these scenarios together into one equation yields G(§§, X{)—G (05, X§)+G (05, X§)—G (45, X5).
|

Proof of Mcs(X{, X§,X$): The proof is similar to proof of conncavity of 14, o (X1, X5, X3) and hence
omitted. [ |

Proof of Proposition 2:

Part a.1: When v? exceeds both v} and v; + cr + h*, then the CS will convert all of the raw material
purchased into finished goods using the cheaper production mode and then salvage all leftover finished
goods at v}. That is, X§ = X§ and m} = X§ — X{ = X{ —X{ . For p < 1, this means that the profit
function in the CS will be

Mes(X§, X5, X5) = JP(X7) + J5 (XF) (26)

where J{(XY) is as in (11) and

Xt
%@92%+%ﬂ-%-ﬂﬂ%@ﬁWﬂﬁ/ (X5 — di2)dFp,, (d12), (27)
0

where D15 = Dy + D, with a cdf of Fp,, (+).

From (9) and (11) we have that X; = X{ ifc; — ¢; = h°. If ¢, < US’C, then m* = X — X in the DS.
This means that

56 (X1, Xo, X3) = Ji(X1) + Xo(ce +¢o — ) + Xa(pa +7 —co — Ce)

X3
_(p2 +r— ’U‘I;-) /0 (Xg — d12)dFD12 (dlg). (28)

Setting ¢ = ¢,+c, assures us that the buyer will buy as few firm orders as possible in the second period,
and so X = X{ (an option good costs the same as a firm order good). If we setc, + c. = ¢, + ¢ + h°,
then X¢{ = X3, and so m* = m*. Clearly, X3 = X§ . Substituting these values of prices and decisions,
gives a supplier’s profit function of

05he(Xr,er+cn,er +ep + A%, 0 + e + h° —ce,ce) = Xp(epy — h®) — X3(epy — h¥). (29)

Since h* < cry (Assumption C3), the supplier will set X; = X3 and make zero profits. But X; = X{,
hence X; = X§ . Therefore, the decisions and profits of DS and CS are the same and we have channel
coordination.

Parta.2: If v} < v? then in the CS all finished goods inventory will be salvaged at v?. In addition, the
first condition of Lemma 1 also holds and m} = X¢ — X¢{ + G(65, X§) — G(65, X5). This means that the
minimum number of goods that will be sent to the buyer in the second period is X §{ — X{. Furthermore,
since v} + ¢ + h* > v}, Xj < X§. The profit function for the CS is given by I¢cgs(X7, X7, X5) =
JE(XF) + JE(X§) + J5(XS) where J{(XY), J§(X§), and J5(XS) are given by (11)—(13).

For channel coordination, we want the DS to mimic the CS by setting appropriate values of ¢y,
2, ¢, and c.. From (11) we have that X; = X{* ifc; — ¢ = b®. With ¢; — ¢, = ¢ + v} + h* and
ce = 8+ cr(1+ ) we get that X3 = X¢*. In addition, ¢, = v + cL(1 + 7) implies that §¢ = §5, and so

vii
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mi =m* + X" — X{* = m* + X5 — X{. Substituting the value of ¢, into (10) along with ¢, = ¢, — v}

and comparing with (13), we get that J5(X3) = J5(X$) giving X§ = X$*.

Finally, we need to ensure that the supplier in the DS will also choose the CS’s optimal production
quantity as her production quantity; that is, X; = X{*. From Proposition 1, we know that, for the DS,
X; = max(X,, min(X3, X})). For the transfer prices set as above, we have,

X7 = max(X3, min(X3, X7)) = max(X} , min(X{*, X)), (30)
where X satisfies

Ol g
00Xy

X; - 6
=cry —h + (vp — vy —er(147))Fp, ( Ln 2) =0.

Now taking the derivative of (12) we get,

aJe (X¢ Xi —65
9Ji(X5) =potr—v)—cL—h’—(p2+r—vl —cr(l+7)) (1 - Fp, ( ~L—=
aX¢ 7

x¢ g
T —h) / Fpy (X5 — dy)dFp, (dy)
0

s s XE—(SS
> ey —h'+ (p2+r =0 —cn(1+7))Fp, —

c _sc
Xp =%

_(p2+r—vjz)/ T dFp, (dy)

0

=cy—h’+ (v? —vy —cr(1+7))Fp, (

> epy — I + (0} — ] — e (1 +)) o, (

_ Olps
C0X Ixp=xg

Then,
OJ;(X7) s Mbs
0X{ Ixe=x¢ - 00X

Xp=Xg*
Hence, X > X. Since X§* > X§ , it follows, by substituting into (30), that X; = X¢*. Thus we have
shown all decisions in the CS and the DS are identical and we get channel coordination.

Part a.3: If vi > v} + ¢, + k%, the supplier will always produce all goods in the cheaper mode of

production in both the CS and the DS. That is, X; = X5 and Xj* = X§*. Moreover, ¢, + ¢, = ¢z and

ce > vl imply that %Xf” < 0 for all X, as shown below:

0J5(X32)
0X>

X, — ¢
:(p2+7"_ce)FD1< 2 >

Xo—59

—(p2+r—v;’c)/ " Fpyay (X2 — dy)dFp, (di)

0
Xo —6d>

<(ps+r—ce)Fp, <

viii
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Xo—59

X, — 4

—(p= +r—v;’c)/0

X
:(p2+7"_ce)FD1<

Fp,ja, <X2 - > dFp, (dv)

> — (7 —vt) /0X2’75d (ko )dFp, (d)

_sd

X, — 64 X, — ¢4
=<p2+r—ce>FDl( — )—<p2+r—v;><1><km>FDl( = )

=0 (31)

This implies that X3 = X7. Substituting into the buyer’s profit function and setting ¢, — ¢, = v} — h*
and c. = v} we get Ji(X1) + Jo(X1) = J{(X1), where Jf(X1) is as in (15). Therefore, X; = X{*. Since
X" = Xg", mg is only a function of 6{. Finally, cc = v; implies that 47 = 5% and hence m* = m}.

Now, we only need to show that X; = X$*. Recall that X{* = X$*. Substituting into the profit
function for the CS, we get

J5(X3) = Jp(X3) + J5(X5)

=—(c, +h° =05 +cr)Xs — (p2+ 7 —0}) [ ,. (65 +ndy — X§)dFp, (dy)
3 1
erl
—(p2 +r— vf (/X e / —d3)dFp,|q, (d2)dFp, (d1)

07+ (n—1)dy
/ e / (61 + (n = 1)di — da)dF'p, 4, (d2)dFp, (d1)> (32)

Since v? < 0§, of is finite. Setting Co = ¢r +cp +h° —vf with ¢, = v} we get J3(X3) = J§(X3) and so
X = X5 . Hence, all of the order quantities will be the same, and we have channel coordination.

Part b: Consider the scenario where X{* < X{ < X§ . Recall that v§ > v% and v; + ¢ + h* > vj.

This implies that 6f > §5 and the optimal number of options exercised, m* = G(6¢, X{) — G(65, X¢)
G(65,X7) — G(d5, X$5). We can rewrite m? as follows.

0, for d; < an“sf
8 +ndy — Xg, for 0 <y < X
m: =14 X¢-— X, forXE ‘5C<d1§X£ %
85 +ndy — X5, for@ <d < %

| X - Xx¢, for Xi=% < g,

n
Thus the number of options exercised depends on the first period demand being in one of the five

distinct regions. The regions are distinct because §; > 65 and X{ < X§ < X5 . In the DS, however,

the optimal number of options exercised depends on first period demand being in at most one of three
regions; that is,

0, for d; < X2;‘5d
m* = 0 4nd — X, for X% < gy < Xad®
Xg—XQ, for X3 L < d

Since §¢, given by (3), is a function of c. through k,,, the supplier may control the setting of region
boundaries. There are, however, only two such boundaries available to influence in the DS. Hence,
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there is no way to make m* + X5 — X; = m} for every outcome d;. Therefore, the DS cannot imitate
the actions of the CS along every sample path, and so there will be no channel coordination.

Proof of Proposition 3: Part a.1: Shown in proof of Proposition 2, Part a.1.

Part a.2: The pricesare ¢y = ¢, +cr, ¢ = ¢ + ¢ + h®, ¢, = ¢, —vi, and ¢, = v + ¢ (1 + ) and the
resulting decisions are X = X{*, X5 = X} = X{* and XJ = X$*. The marginal cost of supplying up to
X units of goods is ¢, + ¢, for which the supplier gets ¢; per unit. The marginal cost of supplying up
to X» — X units of goods is ¢, + ¢, + h® for which the supplier gets ¢ per unit. Furthermore, X5 = X7}
implies that if any options are exercised in the DS, the supplier has to produce them in the expedited
mode. Thus marginal cost of supplying goods against options is the higher labor cost ¢ (1 + 7) plus
the salvage value of the raw material v5. Observe that at the beginning of second period when options
are exercised, raw material has already been bought and hence the cost of raw material is essentially
a sunk cost; all that matters is its salvage value. By setting ¢, = v + c(1 + «y) the supplier supplies
goods to the buyer against exercised options at marginal cost. Finally, the marginal cost of purchasing
additional raw material is ¢, —v? which is also the price at which the supplier sells options to the buyer.
Therefore, all transactions between the supplier and the buyer occur at marginal cost to the supplier
and hence she makes zero profits.

Part a.3: The pricesarec, = c¢.+c¢yp, ¢s = ¢.+cp,+h*, ¢, = cr+cL+hs—v;, andec, = v; and the resulting
decisions are X} = X{* = XJ, X7 = X7* = XJ = X§*. The marginal cost of supplying up to X; units of
goods is ¢, + ¢, for which the supplier gets ¢; per unit. The marginal cost of supplying up to X, — X,
units of goods is ¢, + c¢r, + h® for which the supplier gets ¢, per unit. Furthermore, X3 = X; implies
that if any options are exercised in the DS, the supplier has already produced them in the preliminary
mode. By setting ¢, +c. = ¢, +cg +h* the supplier supplies goods to the buyer against exercised options
at marginal cost. Finally, the marginal cost of making an unused good is ¢, + ¢ + h® — v} which is
also the price at which the supplier sells options to the buyer. Therefore, all transactions between the
supplier and the buyer occur at marginal cost to the supplier and hence she makes zero profits.

|
Proof of Proposition 4

Let us consider a scenario where the supplier also offers to buy back any remaining finished goods
the buyer may have, for a price ¢,. However, it will cost ¢, per unit to have the goods returned. This is
a charge the supplier incurs, though she may pass that on to the buyer through an appropriate c;.

The buyer’s expected profit function will remain the same as before, except that now, max(vjl, cy—h)
will replace v? everywhere it appears. That is, we get

(X1, Xa, X3) = J1(X1) + J2(X2) + J5(X3),

where,

X1
JU(X1) = —pogts — pn(p1 +p2) — (o1 + 1) / (X1 — di)dFp, (d1) + (pr + 2 — 1) X
0
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oo

Ta(Xa) = (b2 7= (e2 = )Xot (b7 =) [, (6 4 ndy = Xa)dFp, (d)

X2

Xo—47
n

Xg—dl
—(pa 47— max(vjz, ey — hb)) /0 /0 (X2 —dy — dy)dFp,|q, (d2)dFp, (dy)

00 §%4(n—1)d,
_(p2 +7r— max(v?,cz; - hg)) /X2_5d /0 (5d + (77 - 1)d1 - d2)dFD2\d1 (d2)dFD1 (d1)

J3(X3) = —c, X3 — (p2 +r— Ce) /)(3_5d (5d +nd; — Xg)dF[)l (d1)
o §%4(n—1)d,
+(p2 + r — max(v%, ¢, — h3)) /X o / (6% + (n = 1)di — da)dFp, |4, (d2)dFp, (d1)
=39 Jo
o0 Xg*dl
_(p2 +r— max(v?,cb — hg)) /X 5 / (Xg — d1 — dg)dFD2|d1 (dZ)dFD1 (dl)
==——Jo

The supplier’s profit function will now also need to incorporate the added salvage of finished goods
which the buyer may return. That is, if v? < ¢, — hY, then the supplier will also need to salvage
X5 +m* — dy — d». For each of these units, she will get v} — ¢p — ths- Therefore, when this is the case,
we can write the supplier’s profit function as

I5,6(Xr,c1,62,¢0,¢) = X1(h® — (c2 — c1)) + Xa(e2 —co — v;) - Xr(vl — v; +cr, + h)

‘|‘X3(Co + 'Ui - CT) + (Ce - ’U;)/

Xy —3d

oo

((5(1 — X2 + 77d1)d.FD1 (dl)

o5 =0t = en(149) [, (01— Xo 4 0di)dFp, (d)

02+ en(147) — c) /X (6% — X3 +ndy)dFp, (dy)

7
Xo—5%

w X2—d1
—|—(’U; — tbs — Cb) / / (X2 — d1 — dz)dFDQ‘dl (dg)dFDl (dl)
0 0

00 644 (n—1)dy

S — —c,,)/x / (6% + (1 — 1)ds — do)dFpy 4, (do)dFp, (d1)
21—: 0
) 64 (n—1)dy

5=t [ | (8% + (= 1)dy — da)dFp, 4, (d2)dFp, (d)
=—-Jo

o0 ngdl
+(’U; — tbs — Cb) /}(376(1 /0 (X3 — d1 — dz)dFD2|d1 (dZ)dFD1 (dl)

When vjl > ¢, — hb, then the last four terms will be omitted from the expression, and the supplier's
profit will be the same as the non-buy back case. Note that the supplier's unconstrained production
decision, X, remains unaffected by whether or not the buyer will return goods.

In the centralized system, the buy back price is another transfer price and as such won't matter
for the centralized system. However, under a buy back type arrangement, it now becomes possible
for the finished goods to be salvaged wherever it is more lucrative. Hence, if costs are such that
vh —tys > 0% = v} + By (i.e., vj — ty, — kY > v}), then the goods will be shipped back to the supplier

Xi
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for salvage. Otherwise, they will be salvaged at the buyer. In any case, v = max(v?,v} — tys — hY) will
replace v;’c in all CS profit equations.

Clearly, when v} — tps — hS < vjl, the CS will choose to salvage at the buyer. Hence, there is
no change in the decisions made and general channel coordination is not possible. However, when
v} — tps — hb > v}, the CS is either indifferent between salvage locations (=) or prefers to salvage at the
supplier (>), in which cases there might now be a new opportunity to channel coordinate. Therefore,
let us consider this case.

Part a.1: Since v} — hY — tys > v; and v} < v;’c, it must be true that h} = t;, = 0 and v} = v}. When
vjl equals v} and exceeds v} + ¢, + h*, then the CS will convert all of the raw material purchased into
finished goods using the cheaper production mode and then salvage all leftover finished goods. It is
indifferent between salvage locations, however. That is, X§ = X§ and m} = X§ — X{ = X§ — X{ .
This means that the profit function in the CS will be

Hes (X7, X7, Xg) = JU(XT) + JL(XT) (33)

where J¢(X¥) is as in (11) and

XL
Ji(Xp) = (p2 + 7 — ¢ —cr — W)X} — (p2 + 7 —0F) / (XT = di2)dFp,, (d12), (34)
0

where Dy, = D; + D, with a cdf of Fip,, ().

From (9) and (11) we have that X; = X¢ if ¢, — ¢; = h®. If the supplier is to take advantage of
the equal salvage access, she must convince the buyer to return goods. That is, she must set ¢, > v;’c.
Then, if ¢, < ¢, we have m* = X5 — X in the DS. Hence, the supplier will turn all raw material into
finished goods using the cheaper production mode, and so X; = XJ. This also means that

(X1, Xo, X3) = J1(X1) + Xo(ce + o — €2) + Xs(p2 + 7 — o — ¢e)
X3
=) [ (X - di)dFp, (@) (35)
0
Setting ¢; = ¢, + ¢, assures us that the buyer will buy as few firm orders as possible in the second

period, and so X; = X7 (an option good costs the same as a firm order good). Equating first order
conditions for X3 and X§ give us

p2t+r—c2 patr—c.—cp—h’
p2+r—ocp P2+ 1 =0} '

Henceci =po+r—h°—(pa+r—c, —cr — hs)gji:jjj’; will assure that X; = X", and we will coordinate
f

the channel.

Part a.2: Since v} — hY —tys > vj’c and v < vjl, it must be true that h} = t,, = 0 and v = US’C, and so all
finished goods inventory will be salvaged at vjl. In addition, the first condition of Lemma 1 also holds
and m’ = X¢ — X{ + G(65,X¢) — G(05, X5). This means that the minimum number of goods that will
be sent to the buyer in the second period is X7 — X7. Furthermore, since v + ¢; + h* > v;’c, X7 < X5,
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The profit function for the CS is given by Il¢s (XY, X§, X§) = J{(X{) + JE(X§) + J5(XS) where J{(X7T),
J{(X¢), and JS(XS) are given by (11)—(13).

For channel coordination, we want the DS to mimic the CS by setting appropriate values of ¢y,
¢, Cpy, Co, and c.. To get the buyer to ship goods back, the supplier needs to make sure that ¢, > v;’c.
From (11) we have that X; = X{* if c; —c¢; = h®. To get m* + Xy — X; = m} we also need §? = 65 and
X = X5 . To get identical deltas, we must have

p2tr—ce _p2tr—vi—cy(l1+7)
p2+r—ocp P2+ 1 — v} '

First order conditions for X, and Xj also indicate that we must have

ptr—ctc  prtr—vi—cp—h

p2+r—cp p2+r—v;

in order to have X, = X7.

To get X3 = X§*, first order conditions tell us that we need

Co cr — v,

prtrT =y patr—vi

Finally, we need to ensure that the supplier in the DS will also choose the CS’s optimal production
quantity as her production quantity; that is, X; = X¢{*. This is the exact same situation as Proposition
2, Part a.2, and from that proof we know that X§ > X;. Since X§* > X§ , it follows that X} = X§*.
Thus we have shown all decisions in the CS and the DS are identical and we get channel coordination.

Part a.3: Here, v — hS — tps > vjl and v§ > vjl imply that v§ — hS — tys > vi’c. Now, if v§ > vf + cr, + I*,
the supplier will always produce all goods in the cheaper mode of production in both the CS and the
DS. Thatis, X7 = X3 and X7* = X$*. Then, the profit function for the CS appears as in (15)—(16) . For
channel coordination, we want the DS to mimic the CS by setting appropriate values of ¢, ¢, ¢, ¢o,
and c.. To get the buyer to ship goods back, the supplier needs to make sure that ¢, — h} > US’C.

To get m* + X» — X; = m}, we need to have §¢ = &, and this will happen when

prtr—ce  pptr—vi—cp(l+7)
pa+r—cp+hy  pytr—vi+hi 4t

To get X3 = X¢, we need to consider the first order condition of (16). This indicates that we need

Co _ c7«+cL+hs—vjc
p2+r—co+hy  potr—vi+ bl 4ty

To get X; = X7, we first need to have X; = X,. This will certainly happen when ¢, +c. = ¢,. Define
Z(X) as follows.

_sc
XJI

>> +/0 " Fpuja, (X = d)dFp, (dh).

X - ¢
7

206 = (k5 (1- P, (
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Then, the first order conditions of (15) and the profit function for the DS, give us
p1L+p2+r—vi+h’— (R +p1)Fp, (X{) — (p1 +7 — v} +tps + R Z(X5) =0
and
pr+p2+r—ci+co— (] +p1)Fp,(X1) — (p1 +7—cp + h3)Z(X1) =0

Hence, to get X = X", we need ¢ = ¢, + v§ — b* + Z(X{ )(cp — v§ + h?).

Therefore, all of the order quantities will be the same, and we have channel coordination.
Part b: Same as proof of Proposition 2, Part b. l
Proof of Proposition 5

We wish to show that the supplier can operate in an individually rational manner and still coordi-
nate the supply chain by using a return policy.

Part a.l: In this case, m* = X; — X3, X7 = XJ and X] = XJ, we can write the supplier's profit
function as follows.
OHs(Xf,c1,0,¢0,C) =1 Xy + (X5 — X7) + co(X5 — XJ) + (X5 — X5) — ¥ (X] — X7)
—e X3 — LX)+ (0] — ) /0 (X2 = o)A+ (1)
= aX] + (co +ce) (X3 — X7) = 1°(X3 = X7) = (&r +c) X3
+(v} — o) /0 (X5 — di)dFpy 4o (i) (36)

Then, notingthatc. +c¢, =ca =1 +h*andc¢; = (p2 +r —h*)(1 = Y) + (¢, + ¢ )Y in the pricing scheme
and that v} = vjl, we can further simply and get

X3
ps(XL.c1,¢2,c0,cc) = (e1 — ¢ — L) X3 + (v} — Cb)/ (X3 — d12)dFp, 4+ p,(d12)
0

X3

= (=) | (a7 =B = e — ep)X3 — (p2 47— o) / (X3 — d2)dFp, + py (du)
0

= (1 -Y)J5(X3) 37)

However, X = X; = X§ with our current prices. Moreover, since ¢, > v; + h$, we know that
Y < 1. Therefore, the supplier will make non-negative profits if JE(XE*) > 0. First note that the first
order conditions of J§(X¢) indicate that Fp, . p,(X§ ) = % Subsituting this into J§ (X§)
gives us

X7
JE(X5) = (p2+ 7 — e —cp — h)XE — (p2 7 — 03) / (X} — di2)dFp, 4 py (d2)
0
X7

=p2tr—c —cp —h*)X] —(p2+7—v}) X[ Fp, 1D, (X[) + (p2 +7 —v}) | diadFD, 4D, (d12)
0

Xt
= (p2 + 1 —v}) / di12dFp, +p,(d12)
0
>0
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Therefore, the supplier makes (1-Y).J§ (X5 ). Moreover, the larger she sets c;, the more she makes,
up to the system profits less the buyer’s reservation profit.

Part a.2: In this case, we have that X, = X = X;. This means that the supplier’s profit function can
be written as
I5,6(Xr,c1,62,¢0,¢e) = X1(h® — (c2 —c1)) + Xp(ca — co — v —cp, — h®) + X3(co + 5 — ¢p)

e = vp = (1) [, (6"~ Xo 4 nd)dFp, (d)

(o)

+( +en(l+7) —ce) / (6 — X3 + nd1)dFp, (dy)

X3—5d
+(v} —c») /

8%+ (n—1)dy
+(U]sc —Cp /XL sd / 6d ( — 1)d1 — d2)dFD2\d1 (dQ)dFDl (dl)

XL d1
/ (X1 — dy — dy)dFp, 4, (d2)dFp, (dy)

5¢ +(n—1)d
~wj-a) [ ] (07 4+ (0 — )ds — dy)dFp, 4, (do)dFp, (d)
X392 Jy
X3 d1
+(U; — Cb) /X3—5d /0 (X3 — d1 — dg)dFD2|d1 (dZ)dFD1 (dl)
gzt

Substituting in for the wholesale, option, and exercise prices, we get that ¢y — ¢, — v} —cr — h® =
(1=Y)(p2+r—hf—cr—vs), cotvi—c, = (1-Y)(vi—c,), and ce—vi—cr(14+7v) = (1=Y)(p2+r—vi—cr(14+7)).
This means that we can rewrite the supplier’s profit function as

5s(XL,c15¢2,60,ce) = Xp(L=Y)(pa +7 = h* —cp —07) + X3(1 = Y)(v] —¢r)

HI= V) b7 = 0f = en(Lem) [ (6= Xo o+ nd)dF, (@)

(o)

(5d — X3 + 77d1)dFD1 (d1)

x3—5d

A=Y 47—} —cL<1+fy>>/

XLJ

X7 —dy
+H(1=Y)(p2 + 1 —v}) / / (XL — dy — d3)dFp,|a, (d2)dFp, (d1)

o4+ (n—1 dl

A=Y + 17— o) /X / (= 1)ds — da)dFpy a0, (d2)dFp, (d)
6 +(n— 1)(11

(].—Y D2 +7'_'Uf /X3 5d/ (U—l)dl _dZ)dFDg\dl(dZ)dFDl(dl)

X3z—d,
H=V =) [ [ (e dy = ), (@a)dED, (@)
= (- V(X0 + )]

where J§ (-) and JS (-) are as in (12) and (13). Since X} = X§ and Xi = X§ , we only need to show
that J§ (X5 )+ J5(X5 ) > 0 for the supplier to have non-negative profits. Using the first order condition
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of (12) we can rewrite J§(X¢") as follows.

* « X" _ 4¢ .
JE(XE) = (p2 7 —vf —ep = h*)X] = (p2+7 =0} —ep(1+7)) (I—Fm( r 2>>Xz
+(p2+r—vl —cr(l+7)) /x;*fa; (65 + nd1)dFp, (d1)

c* c
XL —62

=) | [ X Epa (X - d)dFp, (@)
0
65+(n—1)d
/XC Jc/ 5C +(n —1)d1—d2)dFD2d1(d2)dFD1(d1)]

0% (X o
_ 5X€ A — —cL(1+7))/ g 85 i )P, (dh)

c*

_dl
/ (dy + dy)dFpy 4, (d2)dFp, (dy)

XC*

o

XE—dy
+(pa +7 — v} [ / (di + d2)dFp,|a, (d2)dFp, (d1)

a5+
/XC ; / (7= 1)dy — do)dFp, a, (de)dFp, (dl)]
Similarly,
(XS S
50657y = ZBE e u— enU ) [ 55+ nd)aFD, (@)
3 n

*

c
X3

oo Xg*dl
Hpa =) l e [+ )P (@2)aF D @)

00 d5+(n—1)dy
+ / / (65 + (1 — 1)dy — da)dFpy 4, (d2)dFp, (d)
n 2 0

Therefore, we get

C* c
X3 %

JE(XE) 4+ JEXE) = (p 47— v — en (14 7)) / Lc (65 + nd)dFp, (d1)

_dl
+(p2 + 7 —0}) [/X st / (di + d2)dFp,|q, (d2)dFp, (d1)

o

X¢—dy
/ (dy + d2)dFp, q, (de)dFp, (dy)
0

x§ JC

- / "y (55 ) Fpyja, (65 + (1 = 1) )dFp, (d)
S5 (n-1)d

LT / <d1+d2)dFD2\d1(d2)dFDl(dl)J
L 2 0
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However, since ps +r — v —c,(1+7) > p2 +7 — v} and Fp, |4, (65 + (1 —1)d1) < 1, we have that the sum
is greater than or equal to zero, and hence the supplier makes non-negative profits.

Part a.3: In this case, X; = X = X = X5, and X; = X3, and so we get
Ops(Xp,cr,¢2,¢0,¢e) = Xi(h® + 1 — o —v}) — Xz(er + e +h° — ¢, —v5)

e —v3) / (64 — X, + ndy)dFp, (d)

X134

vy —ce) /Xa (00 = X5+ qdy)dFp, (dy)

XL 54
+(U‘;» —tps — Cp /
X

+(’UJS: — tps — Cb)

Xo— dl
/ — d2)dFp,|a,(d2)dFp, (dv)

54+ (n—1)ds
(

5+ (n —1)dy — dy)dFp,|q, (d2)dFp, (dy)
o (n—1)ds
6d

]
/

o0
_(v;» — tps — Cp) /xg—sd
n

) X3z—di
(0 — the — 1) /X / (Xs — di — do)dFp,a, (d2)dFp, (d).
- JO

+ (n —1)dy — da)dFp,|q, (d2)dFp, (d1)

Using the optimal prices, we get that h° + c1 — ¢, — v} = (¢ — v} +1p5) Z(XT V=0 =Y)(p2 +7+hi+
ths —Uf)Z(X1 )yertep+h®—co—vi=(1=-Y)(er +ecp+h°—f)and cc —v; = (1 =Y)(p2 + 71 —v}).
Substituting in gives us

H%S = X1(1 — Y)(p2 +7"+h; + tps —’U;)Z(Xf*) —X3(1 —Y)(Cr +ecr, +h° — f{j)
00

+(1=Y)(ps+r— ’U‘;») /Xl—sd (6d — Xy +ndy)dFp, (dy)

—(1-Y)p2+r —v‘})/X

3—3d
;

(6d — X3 + 17d1)dFD1 (dl)

4
X1 dl
+(1=Y)(po + 7+ hS + tys — / / (X1 — dy — dy)dFp, |4, (d2)dFp, (d1)
6l (n— 1)d1
STt W= ) [ B / + (1= 1)ds = dy)dFp, 4, (d2)dF, ()

b 54 +(n— 1)d1
0=Vt =) [, " / + (7= )i = do)dFp, 4, (do)AFp, (dn)

X3—d;
(L= Y)(p2 41+ BE 4ty — 02) /X M / (X3 — di — do)dFp, 4, (do)dFp, (d1)
=——1Jo

Xi
=(1-Y) [JE(X{) + pope + pr(p1 + p2) — (B +p1)/ didFp, (di)| + (1 -Y)J5(X3)
0
=(1=Y) [JEXS) + J5(X3) + papa + i (p1 + p2) — (B +p1)(wa Fo, (X{) = 07 fp, (Xf*))]
= (1=Y) |JE(X{) 4+ J§(X3) + (1 + p2)p2 + pa(pr — (b + p1)Fp, (X{)) + (B} + p1)o? fp, (Xf*))]
Since Fp, (X{') < +h,,, we have that the supplier will make non-negative profits. i
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